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A*, D* = laminate reduced in-plane and flexural compliance matrices 
B* = laminate coupling stiffness matrix 
V' = equilibrium stress function for uniform loading 
0 V., = equilibrium stress function for stiffener perturbation loading 
Yee = total equilibrium stress function 
Y'e = compatibility stress function 
S2 = Airy stress function 
X, Y= beam eigenfunctions for transverse displacement expansion 
Xe, Ye = beam eigenfunctions for eccentricity expansion 
0= two-dimensional transverse displacement eigenfunctions 
ej= two-dimensional transverse displacement eigenfunctions 
)7i = two-dimensional compatibility eigenfunctions 
NX, o, Ny, o, NXY, 0= external in-plane loads per unit width 
13 
Nx, NY, N,, = internal in-plane loads per unit width 
Wi = generalized coordinates of the displacement function 
ej = generalized coordinates of the eccentricity function 
ýj = generalized coordinates of the compatibility stress function 
U= internal elastic potential energy 
CIN = potential of external in-plane loads 
S2Q = potential of external transverse loads 
ri = total potential 
G= matrix of transverse stiffness of discretised system 
H= matrix of in-plane stiffness of discretised system 
H= matrix of discretised eccentricity load 
F., r, F 
. 'Y = circulation 
functions 
G= total strain energy release rate 
G(M = strain energy release rate due to in-plane load 
0"n = strain energy release rate due to bending 
G1 = critical strain energy release rate under pure Mode I 
GII, = critical strain energy release rate under pure Mode II 
CM = ply drop-off correction factor defined in Equation (7.35. a) 
CN = ply drop-off correction factor defined in Equation (7.35. b) 
AM = bending increment due to abrupt eccentricity 
M, = skin bending in front of the run-out tip 
XM = constant defined in Equation (7.22) 
ZN = constant defined in Equation (7.28) 
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Abstract 
Despite their high level of performance in specific areas, such as weight, durability 
and through-life costs, composites are often used at relatively low strain levels in 
primary structures, due in part, to poor through-thickness failure characteristics. This 
has lead to relatively slow take-up within primary flight structures. This delay is 
mostly due to a reduced understanding of the failure causes and mechanisms and of 
their behaviour when damaged. The widespread lack of knowledge and know-how 
often leads to over sized structures, which are in contrast with the lightweight 
philosophy characterizing new design solutions. 
The present study focuses on particular joints, the so called "Stringer Run-outs". The 
vulnerability of composite structures to through-thickness stresses is particularly 
exacerbated in these special joints where the necessity to terminate stiffeners 
generates eccentric structural sub-components. When undergoing normal in-flight in- 
plane loading conditions, the eccentricity produces significant transverse 
displacements, which trigger premature localized skin-stringer disbond and/or 
delamination. Such crack initiations may then develop and grow following 
unpredictable path patterns that jeopardize the integrity of the primary structure and 
often lead to catastrophic failure of the sub-component. 
The somewhat high nonlinearity of these phenomena in conjunction with an extensive 
lack of analytical tools have been causes of major concerns for the aerospace 
industries over the past decade, following the introduction of "total carbon design" 
philosophy. 
The present work was conducted with the main purpose of developing fast and 
reliable analytical methods for predicting crack initiation loads for stringer run-outs. 
Nevertheless, the complexity of the modelled structure and need for novel modelling 
strategies have led to the development of analysis methods, which are extensively 
exploitable for calculation of analytical solutions to a variety of problems. A deep 
fundamental insight to the behaviour of eccentric structures is presented, which 
mostly represent the new and unique aspect of the present research. 
Analytical models are developed to predict structural behaviour in the moderately 
large displacement regime. Furthermore, analytical methods to calculate buckling 
loads of composite stiffened panels with discontinuous stringer are developed. 
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To predict crack initiation, the analysis methods are used in conjunction with local 
linear elastic fracture mechanics based sub-models. 
All the proposed analysis methods are experimentally validated by means of coupon 
level tests. Advanced non-linear finite element method is used to validate analytical 
predictions on composite panels. 
Finally, a novel design principle (compound joint) based on decoupling failure sub- 
causes is presented and experimentally validated. 
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1. Introduction 
1.1 Total Carbon Design 
Lightweight design is of major strategic importance to aircraft makers. In recent 
decades travellers demands (Figure. 1.1) and interest in eco-efficiency have constantly 
increased. As a consequence, aircraft makers have focussed most of their efforts on 
the deployment of novel materials and design philosophies. Composite materials may 
offer significant competitive advantage when compared to conventional metal design. 





naustrlal Go-Ahead A350 "Formal Launch" 500 







06 12 18 24 30 36 42 48 
Months since launch 
Figure 1.1. Time evolution of aircraft order (courtesy Airbus) 
The use of fibre-reinforced polymers (FRP) is particularly attractive to aviation and 
aerospace application because of their outstanding strength and stiffness-to-density 
ratios and advanced physical properties such as damage tolerance and corrosion 
resistance. These intrinsic features, in conjunction with the possibility of tailoring the 
properties of composite laminates to best withstand operational loads represent a 
major step forward from conventional metal design. Weight can be saved increasing 
the overall efficiency, reducing the associated production costs and minimising fuel 
consumption. 
Since the introduction of FRP in the late sixties, composites have gained wide 
acceptance from the aerospace industry. An example of the evolution of the use of 
composite materials on Airbus commercial aircraft is represented in Figure 1.2. 
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Figure 1.2. Evolution of the deployment of composites in Airbus commercial 
aircraft families (courtesy Airbus) 
When the single-aisle A300-B2 was introduced to the market, the amount of 
composite material represented less than two percent of the total aircraft weight 
[Quilter, 20041. Since then, percentages have continuously increased in commercial 
and military aircraft. 
The first significant use of composites in commercial aviation can be dated back to 
1983, when the first composite rudder was employed in A300 and A310 [Quilter, 
20041. The first commercial success related to the use of composites is found in 1985, 
with the deployment of composite vertical tail fin in the A300 family. This 
introduction reduced the total number of parts from more than 2000 (excluding 
fasteners) to fewer than 100, reducing weight and production costs. Following this 
key success, a honeycomb core sandwich with carbon fibre reinforced polymer 
(CFRP) face sheets was used for the elevator of the A310. Significant use of 
composite materials can be found in the A380 structures. The Airbus double-decker is 
about 22 percent [Quilter, 20041 composites by weight and makes extensive use of 
GLARE (glass fibre reinforced aluminium alloy). The upper and lower wing covers, 
front, centre and rear spars and the rear pressure bulkhead contain composites. The 
use of composites is also considerable in Boeing 777, which entails extensive use of 
composite materials - about 24 percent by weight, [Quilter, 20041. 
It was not until the 2155 century that a radical change in design philosophy occurred. 
Two major steps forward have been represented by the military aircraft Airbus 
A400M and by the commercial Boeing 787 `Dreamliner'. The former has been the 
first large-scale commercial aircraft programme utilising composite wing covers and 
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spars. The latter represents the first attempt to design a fuselage barrel made of 
composite skin, stringers and frames. 
Notably, the use of composite parts has been exponentially increasing due to a 
reduction of production costs of raw materials and to the advances in manufacturing 
and assembly technologies. Furthermore, the deployment of composites on flying 
aircraft and the continuously enlarging test databases have contributed to increasing 
experience and confidence in their use. Currently, the weight percentage of composite 
materials in the two commercial aircraft programmes deploying the `Total Carbon 
Design' (TCD) philosophy (namely Airbus A350-XWB and Boeing 787) is more than 
50 percent as described in Figures 1.3 and 1.4 respectively lOstrower, 2009. 
Remarkably, most of the primary structures in both aircraft designs (including front 
and rear spars, root joints and stiffeners) are made of FRP. 
Wing 
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Figure 1.3. Composite parts in A350-XWB 
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By comparison, the 777 uses 12 percent 
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Figure 1.4. Composite parts in Boeing B-787, (Ostrower, 20091 
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1.2 Scope and novelties of the present research 
A large number of experimental, numerical and analytical studies on damage 
initiation and growth is available in the open literature, as well as an even larger 
number of analytical and numerical tools to predict mechanical behaviour of stiffened 
composite panels (Chapter 2). Nevertheless, the use of composite skin/stringer 
assemblies in heavily loaded primary structures (such as wings/fuselage root joints 
and pylon areas) is one of the latest advances in the application of CFRPs in 
aerospace. As such, to date, there have been few research programmes that have 
investigated design, analysis and sizing of stringer run-outs (Figure 1.5). 
The complex geometry of such configurations in conjunction with a somewhat 
widespread lack of customized analytical tools to model panels with discontinuous 
stiffeners have significantly contributed to delay the first fight of Boeing 787 
[Ostrower, 20091. A major structural weakness was highlighted during a full-scale 
wing test. Unexpected failures of stringer run-out in the root joint area (joint between 
the centre and the outer wing box) occurred at surprisingly low in-service loads. 
Designers and engineers were not prepared for this unexpected structural weakness, 
causing major concerns that escalated up to the company's executive level [Gates, 
20091. 
The main theme of this thesis is to develop a comprehensive understanding of the 
criticalities involved in the analysis and design and testing of composite stringer run- 
outs. 
Four main aims are recognised: 
i. Understand and analytically model the mechanical behaviour of composite 
panels with stringer run-outs. 
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Figure 1.5. Composite stringer run-outs (Courtesy Airbus) 
ii. Characterise the loading conditions and failure processes that govern the local 
failure initiation at the tip of stringer run-outs 
iii. Develop and validate multi-scale (global-to-local) analytical instruments to 
predict failure initiation and to support the search for novel designs able to 
significantly improve the overall performances. 
iv. Propose a novel design principle that takes advantage of hybrid composite- 
metal design principles. 
There are a number of aspects of the present work which are unique. Parts of the work 
have been published [Cosentino and Weaver, 2008,2009-A, 2009-B, 2009-C; 
Imperiale et at. 20091. 
A novel approach for analytical modeling of eccentric structures is proposed that 
combines the Rayleigh-Ritz approach with the Galerkin technique. The effect of 
abrupt variations of local bending and axial stiffness on in-plane load redistribution 
and on buckling and post-buckling of eccentric structures is computed. The effect of 
compatibility equation on global structural behaviour is quantified. Furthermore, a 
novel design principle, Compound Joint, is analyzed and tested. The concept has 
shown significantly improved load bearing capability and compliance with 
certification requirements. 
1.3 Thesis structure 
The present work is structured as follows. 
A literature survey is presented in Chapter 2, which aims at: 
" exploring the knowledge and understanding gained to date on failure of 
stiffened composite panels, giving particular emphasis to available 
experimental and numerical research programmes that investigate the 
skin/stringer disbond 
" investigating the analytical two-dimensional formulations developed so far to 
model discrete composite assemblies, their modelling limitations and 
capabilities, evaluating the opportunity to introduce ad-hoc modifications 
" investigating the analysis instruments to model fracture coalescence, initiation 
and propagation in composite materials 
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The basics of Classical Plate Theory (CPT) and Classical Laminate Analysis (CLA) 
are provided in Chapter 3. A brief introduction to Rayleigh-Ritz and Galerkin 
techniques is also offered. 
Four different approximate non-linear analytical models are presented in Chapters 4,5 
and 6. Under the hypothesis of stable regime, a simple one-dimensional model is 
initially introduced with the aim of providing users with a rapid and easy to use tool to 
predict transverse deformation of stringer run-out panels under a superstringer 
assumption. Extensions to two-dimensional analysis are also provided for 
symmetrically-laminated configurations and for non-symmetrical configurations. 
Validations against Finite Element Method (FEM) are provided. 
A disbond local model is presented in Chapter 7. The model is employed in 
conjunction with the analysis methods developed in the previous chapters. A multi- 
scale approach is presented to predict crack initiation in composite panels with 
stringer run-out. A simple energy-based approach is proposed to account for the effect 
of ply drop-offs and a series of tests on four-point bend configurations are presented, 
which were used to chose a suitable failure criterion based on Linear Elastic Fracture 
Mechanics (LEFM). Furthermore, tests on large panels and virtual tests obtained 
using advanced non-linear FEM were used to validate the multi-scale approach 
developed herein. 
Analytical methods to calculate buckling loads of composite stiffened panels with 
discontinuous stringers are developed and validated against FEM in Chapter 8. The 
importance of fulfilling the compatibility equation is highlighted and a formal 
equivalence of compatibility and non-linearity is emphasised. 
Finally, a novel design principle (compound joint) based on decoupling failure sub- 
causes is presented and experimentally validated in Chapter 9. 
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2. Analysis and Design of Composite Panels 
with Stringer run-outs -a literature review 
A literature survey is presented in this Chapter, which aims at exploring the 
knowledge and understanding gained to date on failure of stiffened composite panels, 
giving particular emphasis to available experimental and numerical research 
programmes that investigated the skin/stringer disbond. 
2.1 Introduction 
Delamination in composites may initiate in regions of high shear or peeling stresses, 
which can lead to failure by fast and/or unstable crack propagation. The principal 
form of airframe construction is characterised by a thin skin acting as a membrane, 
which is reinforced by the use of stiffeners. A lot of experimental and analytical work 
has been undertaken for such structures, highlighting the vulnerability of co-cured and 
co-bonded composite assemblies to through-thickness stresses [Falzon, Hitchings 
and Davies, 2000; Falzon, Stevens and Davies, 2000; Kong, Kim, and Hong, 
1998; Stevens, Ricci, and Davies, 19951. Recent trends have led to the development 
of thicker skinned stiffened structures to be used on the heavily loaded regions of the 
wing's primary structure, and the problem of through-thickness stresses is even more 
substantial in critical regions such as stiffener runouts. 
A literature survey is presented in this chapter, which aims at: 
" exploring the knowledge and understanding gained to date on failure of 
stiffened composite panels, giving particular emphasis to available 
experimental and numerical research programmes that investigate the 
skin/stringer disbond 
" investigating the analysis instruments to model fracture coalescence, initiation 
and propagation in composite materials and 
" investigating the analytical two-dimensional formulations developed so far to 
model discrete composite assemblies, their modelling limitations and 
capabilities, evaluating the opportunity to introduce ad-hoc modifications. 
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2.2 Composite assemblies 
From a weight-saving perspective one of the major advantages of the use of 
composite materials is that they can be assembled to form more complex shapes than 
metals. Apart from an obvious reduction of the total number of parts needed to make 
up a given component, the assembly techniques of composites drastically reduce the 
required number of holes and bolts. Since the presence of holes implies stress 
concentrations, assembly techniques ensure a reduced number of critical locations and 
therefore an overall reduction of material, thus promoting attractive weight saving. An 
example of advanced composite assembly is given in Figure 2.1, where the A380 rear 
pressure bulkhead is depicted. 
Despite their high level of performance in specific areas, such as weight, durability 
and through-life costs, composite assemblies are often used at relatively low strain 
levels (far field strains seldom exceed 4,000 Mc) in primary structures, due in part, to 
poor through-thickness failure characteristics. This has lead to relatively slow take-up 
within primary flight structures. This delay is mostly due to a reduced understanding 
of the failure causes and mechanisms and of their behaviour when damaged. This 
widespread lack of knowledge and know-how often leads to over sized structures, 
which are in contrast with the lightweight philosophy characterizing new design 
solutions. 
In bonded composite assemblies failure often occurs due to delamination and/or 
debonding rather than to overall strain limitations Meeks et al., 20051. Bond-lines 
are therefore critical locations because their primary role is to transfer loads from a 
sub-component to another. 
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Figure 2.1. A380 rear pressure bulkhead (courtesy Airbus) 
2.3 Stringer run-outs 
A unique category of bonded joint is represented by stringer run-outs. These special 
joints belong to the family of stiffened composite panels and are extensively used in 
highly loaded primary structures such as fuselage barrels and centre wing box. Hence 
their criticality, which is mostly due to the eccentricity of loads in conjunction with a 
structural discontinuity (Figure 2.2), is exacerbated by severe certification 
requirements [FAA, 19961. 
Figure 2.2. Example of composite stiffened panel with stringer run-out 
lt is well known that it is often necessary to terminate the stringer at some location 
within the span because of the taper angle or root joint in wings (Figure 2.3) or 
because of other features as cut-outs, manholes, passenger/cargo doors and windows 
in fuselages (Figure 2.4). 
Figure 2.3. A340 HTP root joint stringer run-outs (courtesy Airbus) 
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ý. 
Figure 2.4. Windows and passenger door in fuselage barrel (courtesy Airbus) 
Terminating the stringers within a bay creates structural and mechanical 
discontinuities. The amount of load carried by the stringer must be transferred to the 
skin in an abrupt manner, thus promoting stress concentrations that jeopardize the 
integrity of the bond-line. 
2.3.1 Certification requirements 
The initiation of cracks is typically not allowed in aerospace primary structures below 
the Design Ultimate Load (DUL) IFAA, 1996. The use of fasteners must therefore 
ensure a redundant load path (fail safe philosophy) and provide Design Limit Load 
(DLL) capability to the damaged structure, assuming the presence of a complete 
disbond between two consecutive crack arresting features (typically bolted zones). 
Unfortunately, the assumption of a crack that propagates within the bond-line is a 
pure idealisation. In reality, failure often occurs due to crack initiation at critical 
locations and subsequent propagation. This happens progressively from layer to layer 
in such a manner that potentially leads to catastrophic failure [Falzon and Davies, 
2003; Williamson, 20061. Cracks can propagate within composite structures 
following unpredictable courses and cannot be enforced to propagate along a pre- 
determined path. An example of multi-damage creation is given in Figures 2.5. A and 
2.5. B. 
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Figure 2.5. Multiple damage generation in skin/stringer representative coupons 
Jimperiale et al., 20091 
A series of experimental investigations conducted on coupons representative of 
stringer run-outs (Imperiale et al., 20091 confirmed that, under the effect of a tensile 
in-plane load, the initial crack was located at the bond-line tip, substantiating the 
criticality introduced by geometrical and mechanical discontinuities. However, as the 
load increased, the presence of secondary damage was observed in the components 
representing the skin (Figures 2.5. A and 2.5. B). The delamination propagated in a 
plane parallel to the bond-line and appeared to grow faster than the initial crack. 
In light of the above considerations, and where possible, crack initiation should be 
delayed to sonic extent or avoided. 
Stringer run-outs employed in primary structures must comply with the following two 
main certification requirements FAA, 19961, which can be summarized as: 
1. No crack initiation to DUL (Figure 2.6. A) 
2. Load transfer capability to DLL with assumed total disbond between two 




Figure 2.6. Example of stringer run-out configurations. Pristine (A) and with 
assumed dishond (B) 
2.3.2 Design principles 
With regards to the location of the stringer ruun-out till within the hay, two basic 
design principles are commonly employed. The most accepted designs entail running 
the stiffener out at rib location in order to take advantage of its support (Fig. 2.7. A) or 
mid bay (Fig. 2.7. B) . 
Yet, the former design solution necessitates, if required, the skin 
to be thickened in order to avoid premature skin-buckling onset, thus adding 
Undesired and penalizing extra weight INViltiamson and Austen, 2006-Al. 
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Figure 2.7. Wing stringer terminated under the rib (A) and mid-bas (B) 
The typical currently accepted discrete termination is described in Figures 2.8 and 2.9. 
Notably, the web is tapered near the termination (Fig. 2.7) in order to facilitate the 
load transfer from the skin to the skin-stiffener section, providing a gradual increase 
in transverse bending and axial stiffness and relieving local stress concentrations. 
Furthermore, the foot can be extended beyond the web tip (Fig. 2.9) in order to smooth 
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the stiffness discontinuity between web tip and skin, and so reducing the deleterious 
effects of secondary bending in this region. 






Figure 2.9. Alternative design solution of stringer termination 
The stringer foot tip can also be tapered down to provide even smoother load transfer 
and increase the resistance to disbond. Ply drop-offs can significantly increase the 
initial disbond load by 25-30% if the initiation is predominantly Mode I (peeling) 
[Williamson and Austen, 2006-Al. In addition, the portion of the skin lying below 
the run-out tip can be thickened locally [Falzon and Davies, 2003-Al. However, 
although promising in terms of global strength, this solution confers a penalty in terms 
of weight saving. Yet, the overall sensitivity of failure initiation to each geometrical 
parameter appears to be low [Williamson, 20061. Furthermore, the effectiveness of 
ply drop-offs in configurations where crack initiation is Mode II dominated is 




Several design solutions have been developed, implemented, and tested in order to 
challenge the failure mechanisms by partially relieving the local stress concentration 
(Kelly, 20051. For instance, the first and easiest proposed solution is schematically 
shown in Figure 2. I0. A. Pre-tensioned bolts are used in order to delay or prevent 
delamination or disbond due to peeling at the tip. Unfortunately, for most of the 
geometries currently in use, the use of pre-tensioned bolts cannot interfere with the 
crack initiation mechanism, but it can help the structure to provisionally arrest the 
crack propagation. This is due to the end margin between the tip edge of the stringer 
termination and the first row of bolts (the closest to the bond-line tip), which is a 
mandatory certification requirement 1h art-Smith, 19821. 
13 
Pi r4rn"iouin¢ load 
end margin 
Poilion of malanal atlected by 
Through-tlticknes> compression 
Pre-tensionvig load 
Figure 2.10. Bolted end design solution (A) and effect of pre-tensioning 
stresses (B) 
As shown in Figure 2.10. B, the area neighboring the tip is not affected by the through- 
thickness compressive stresses, which are localised to a small area surrounding the 
axes of the bolts. Significant transfer of the in-plane load happens in the area closely 
surrounding the run-out tip Williamson and Austen, 2006-BI \\ here the bolts have 
no influence. Hence, the introduction of pre-tensioned bolts is not beneficial to the 
structure in relieving peeling effects. 
A possible improved version of this solution is shown schematically in Figure 2.11. 
The use of the doublers could transfer the through-thickness compression to the tip 
section, thus reducing the peeling stresses. 
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Figure 2.11. Bolted end design solution with doublers Imperiale et at., 20091 
Unfortunately, the presence of back-to-back doublers is not suitable if the lower 
surface is external (e. g. skin/stringer assemblies in wings and horizontal/vertical tail 
planes). Moreover, assuming that the doublers are able to efficiently transfer the 
compressive stresses, they are not able to relieve the Mode II components due to both 
the bending and the in-plane load resultants. Indeed, high performance aerospace 
bonded joints minimise the effectiveness of the bolts with regard to their contribution 
to the global load transfer. High modulus epoxy adhesives and long overlap lengths 
provide stiff load paths through the bond-line that, therefore, transfers the majority of 
the load. A series of theoretical investigations conducted by Douglas Aircraft 
Company (Hart-Smith, 19821 have shown that for typical aerospace bonded-bolted 
joints, the adhesive transfers 98% of the applied load. Therefore, bolts do not 
significantly share load transfer with pristine bond-lines. However, their use is a 
mandatory certification requirement and considerably improves the fail safe and 
damage tolerance performances of aerospace structures I Kelly, 20051. 
2.3.3 Typical failure modes 
In the majority of wing, vertical and horizontal tail plane stringer run-out 
configurations, the most significant load that must be transferred is the in-plane axial 
load (tensile/compressive) in the longitudinal (stringer) direction. This loading 
condition arises from the global bending of the structure (Fig. 2.12) that causes the 
upper and lower covers to operate under compressive and tensile longitudinal stress 
fields, respectively. 
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Figure 2.12. Example of in-flight wing bending 
" Skin/Stringer disbond 
Under these loading conditions, recent studies (Falzon and Davies, 2003-B; 
Greenhalgh and Huertas-Garcia, 2004; Meeks et al., 20051 have shown that 
primary attention should be given to skin/stringer bond-line at the run-outs shown in 
Figures 2.13 and 2.14. 
Figure 2.13. Typical stringer run-out test arrangement (Courtesy Airbus) 
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, ýý ýý,, Figure 2.14. Example of skin/stringer initial disbond at run-out tip (Courtesy 
Airbus) 
Stringer run-outs act as special single lap joints and large stress concentrations occur 
in the proximity of the bond-line at stringer tip Hart-Smith, 1982 and 19851. The in- 
plane load introduced in the skin must be transferred to the skin/stringer section. This 




Figure 2.15. In-plane load transfer at run-out tip 
The shear stresses must be null at the run-out tip because of the free edge boundary 
condition. An abrupt increase to the peak level occurs within a span length that is so 
short that it is, in general, neglected. An exponential decay is followed, which tends 
asymptotically to zero, reaching the zero value once the load transfer is completed, 
i. e. when the total load F (Fig. 2.15. A) is partitioned between the lower and upper 
adhcrcnds (skin and stringer respectively) according to their axial stiffenesses ratio. 
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The shear stresses effecting the in-plane load transfer can cause a Mode 11 (sliding) 
dominated Hart-Smith, 19821 delamination/disbond initiation at the bond-line tip. 
A second (hut potentially more critical) failure sub-cause is the bending moment. Due 
to the eccentricity of the in-plane load, a global bending of the structure is induced 
which, depending on its local sign, originates peeling (Mode I) that will coalesce 
together with pure sliding (Mode I1). Figure 2. I6. A shows the deformation that leads 
to a local peeling moment. 
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Figure 2.16. Peeling moment and through-thickness normal stresses at run-out 
tip 
Through-thickness normal tensile stresses cr, are generated that excite Mode I rupture, 
exacerbating the stress concentration due to the in-plane load transfer and often 
leading to premature failure of the joint. The stress distribution profile is somewhat 
similar to the one characterising the shear stresses Hart-Smith, 19821, with a peak 
located at the very tip followed by a rapid exponential decay (Fig. 2.16.13). The 
peeling stresses are the most critical failure sub-cause as they are related to the 
excitement of local Mode I failure, which requires minimal amount of energy. 
Nevertheless, it must be noted that a Mode II component is also associated with a 
peeling moment IW'illiams, 19881, as well as to an opposite bending moment. This 
component only depends on the magnitude of the local moment and on the axial and 
bending stiffness ratios between the two adhercnds IWVilliams, 1988; Lord and 
Austen, 20061. Therefore, the effect of load eccentricity is the generation of a 
secondary bending moment. It will be shown in Chapter 7 that this component 
deteriorates the global strength by increasing the total available energy to create crack 
through a Mode 11 dominated evolution (Figure 2.17. A and ß). Furthermore, it could 
be responsible for an additional - and more critical, Mode I component (Figure 
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2.17.13). In the latter case the type of failure under which the disbond occurs is 
referred to as Mixed Mode. 
A 
Figure 2.17. In-plane loading conditions generating \lode II dominated 
skin/stringer disbond (A), and Mixed Mode failure (B) 
9 Web splitting 
Web splitting is typically observed in stringer run-out panels undergoing compressive 
loads. When a compressive axial load acts on a stringer run-out panel, in-plane 
stretching strains are induced in the skin due to Poisson's ratio effect (Figure 2.18). 
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Figure 2.18. Opening shear stresses induced by Poisson's ratio 
Shear stresses arc induced between the skin and the stringer flanges. As a result, 
opening forces arc triggered that induce separation of the mo back-to-back `L' 
composite profiles characterizing T-shaped stringers. A Mode I crack initiation is 
observed in the stringer web (Figure 2.19). 
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Figure 2.19. *Ni'eb splitting in compressively loaded stringer run-out panel 
(Courtesy Airbus) 
" Side stringers disbond 
The eccentricity of the in-plane load induces pronounced transverse displacements of 
the panel. Transverse displacements typically reach their peak in the proximity of the 
stringer run-out tip (Figure 2.20). Nevertheless, the transverse displacement field 
promotes a peeling moment at the skin/flange interfaces of the side stringers (Figure 
2.21). 
The importance of such peeling moments is proportional to the magnitude of the 
transverse displacements. 
Ic 
Figure 2.20. Induced transverse displacements 
Since the structural behaviour of stringer run-out panels can show rather large 
nonlinearities, side stringer disbond is more often observed in compressively loaded 
panels. This loading condition originates transverse displacements which are 
significantly larger compared to the transverse displacements promoted by tensile 
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axial loads. Disbond of side stringers (Figure 2.22) can cause significant load re- 
distributions and stress concentrations leading to abrupt crack propagations and 






Figure 2.21 Peeling moments inducing skin/flange disbond in side stringers 
Figure 2.22. Side stringer disbond (Courtesy Airbus) 
2.4 Delamination and Disbond 
Delamination and disbond are perhaps the most commonly observed failure modes in 
composites. Technically both failure modes are represented by a separation between 
two surfaces that were initially joined by the continuity constraint. Mainly driven by 
the through-the-thickness intrinsic weakness of CFRPs, delamination and disbond 
originate because of the presence of microscopic flaws, which are, statistically, 
always present in the bulk material [Griffith, 19211. Under the effect of external 
static and/or fatigue loads, macroscopic defects can coalesce and reach a critical size 
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above which macroscopic damage begins to propagate Ikostopoulos, 20001. All the 
fracture types occur due to three main different nodes (Figure 2.23): 
i. Mode I (opening or peeling mode) 
ii. Mode II (in-plane shear or sliding mode) 
iii. Mode III (antiplane shear or tearing mode) 
4 
Mode I Mode U Mode III 
Figure 2.23. Representation of failure modes and associated remote loading 
conditions 
Generally, crack initiation and propagation are governed by a mode, which is a 
combination of these three main modes IKanninen and Popelar, 19851. 
Griffith 119211 expressed the following energy balance for a cracked body (Figure 
2.24): 
U, = U,. +U'l (2.1) 
whcrc: 
" U, is the work performed by the external loads 
" U, is the elastic energy stored in the system 
" Ud is the energy dissipation due to the creation of damage 
The energy U, U, is delivered for the creation of new crack surfaces and 
transformed in Uri. Expressing the energy balance per unit crack surface and 
conveniently rearranging Equation (2.1): 
du (IU, (1U, 1 (2.2) 
JA dA - Ja 
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The left term of Equation (2.2) is referred to as Energy Release Rate (ERR) and 
represents the amount of energy per unit area which is available to create new crack 
surfaces and is generally indicated by the letter G. It is a function of the external 
loading conditions, the geometry and the elastic constitutive equations governing the 
considered material INVilliams, 19881. The right term of the Equation (2.2) represent 
the energy per unit area consumed during the creation of a newly cracked surface. It 
can he considered as a r-e. ci. ti/cmcc to ci ac"k urouih and is therefore often denoted by R 
(Griffith, 19211. 
Flat 
Figure 2.24. Representation of' a cracked body 
The energy balance expressed by Equation (2.2) states that the Energy Release Rate G 
must be greater than, or at least equal to the crack resistance R in order to generate 
new crack surfaces. Damages originate or propagate when the local value of G 
exceeds a critical threshold, which is denoted as G, (Critical Energy Release Rate) 
and coincides with the actual value of the crack resistance R. 
To obtain critical values of the energy release rate, simple coupons must be tested that 
reproduce loading schemes that originate pure Mode I, Mode 11 and Mode Ill failure 
39 
types [ISO, 2001; ESIS, 20091. The values found are denoted by Gic, Gtjc and Gi« 
respectively. 
To simulate real damage propagation mechanisms, different standards have been 
developed that reproduce a mixed Mode I/ Mode II failure mode, such as ASTM 
[20041. However, further assessments and developments of more suitable standards 
are still under considerations by several researchers [Greenhalgh, 1998]. 
With reference to figure 2.23, Griffith and later Irwin [Erdogan, 20001 calculated that 
the stress field in the proximity of a cracked zone is given by [Anderson, 19951: 
6;; =2K7f; (9) (2.3) 
Where of is the stress tensor at a given point, r and Bare the polar co-ordinates, fj(9) 
is a dimensionless function of the azimuth co-ordinate and K is a constant depending 
upon the actual failure mode I, II or III. K is known as Stress Intensity Factor, while 
K1, Ki1 and KI» denote stress intensity factors under pure Mode I, Mode II and Mode 
III respectively. The magnitude of K depends on geometry, size and location of the 
crack and on the magnitude and type of the loads. 
Equation 2.3 shows that stresses tend to infinity as the examined point approaches the 
crack tip. This is one of the major shortcomings of Griffith's approach. In reality 
some inelastic deformation around the crack tip occur, which make the infinite stress 
peak unrealistic [Erdogan, 20001. Yet, Griffith's theory provides good correlation 
with experimental data for brittle elastic homogeneous materials [Erdogan, 20001. 
The above considerations on the presence of a plastic zone around the crack tip have 
led Irwin [1957 and 19581 to formulate his extension of Griffith's theory. He also 
observed that the size of the plastic zone is very small compared to the crack 
dimension, therefore a purely elastic solution is sufficient to fully determine the total 
amount of energy, G, available for the creation of cracks. He demonstrated, for the 
first time, that the stress intensity factor and the energy release rate are related. For a 
pure Mode I failure type, and in elastic, isotropic and homogeneous materials, in 
linear regime the following relations hold true: 
i 
G, =' plane stress (2.4. a) E 
_2 
Gf =1E plane strain (2.4. b) 
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Equivalent relations were later found by Wu [1967], who extended Irwin's theory to 
anisotropic plates. Cherepanov [1967] and Rice [1968] independently demonstrated 
that for a material with plastic deformations in front of the crack tip, there is a contour 
integral which is independent of the path. This quantity is known as the J-integral. If a 
special path is chosen that envelopes the crack tip, then the J-integral is an average 
measure of the strain at the crack tip [Rice, 19681. Furthermore, it can be 
demonstrated that for linear elastic materials, or for materials with very small plastic 
zones at the crack tip, the calculated J-integral equals the energy release rate G. Since 
J is independent of the extent of the plastic region in front of the crack tip, Rice's 
findings demonstrated that the averaged ERR (calculated by integrating the strain 
field and therefore often referred to as Strain Energy Release Rate - SERR) does not 
depend upon the particular stress-strain relations, provided that the extent of the 
yielding zone is reasonably small compared to the crack size. This fundamental 
outcome has represented the foundation of the so-called Linear Elastic fracture 
Mechanics (LEFM). This branch of Fracture Mechanics focuses on the analytical 
and/or numerical calculation of the SERR in structures made of materials that do not 
undergo large plastic deformations in the proximity of embedded crack tips. 
Composites are an example of quasi-brittle materials and in most of the cases the 
LEFM is sufficiently accurate to calculate local SERR at crack tips [Williams, 1988]. 
In the last two decades, a large number of authors have published studies on analytical 
calculation of SERR [Williams, 1988; Charalambides et al., 1991; Davidson, 1998- 
A and 1998-B; Hwang et at., 1998; Petrossian and Wisnom, 1998; Hadavinia and 
Kinloch, 20031. However, most of the proposed models require accurate calculation 
of the stress field in the vicinity of the cracked zone, or in the zone where a crack is 
expected to initiate. Therefore, closed-form solutions are obtainable for a small 
variety of cases. Williams [1988] applied a LEFM-based analysis to obtain the total G 
contribution in composite beams and partitioned the available energy to calculate 
modal (Mode I and Mode II) components. He also proposed a modified mixed-mode 
tests to derive failure interaction curves. Dahlen and Springer [1994] have employed 
the model proposed by Williams to predict damage growth in beam-type composite 
specimens under fatigue loadings. Williams' approach was also deployed by Taki and 
Kitagawa [1995], who implemented a simplified strip analysis to predict disbond of 
composite stiffened panels in post-buckling regime. 
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Despite the LEFM model proposed by Williams providing reasonably good 
correlation with test data [Cosentino, 2008-Al, applications are rarely found in 
literature. The main reason is that the calculation of the total SERR and its subsequent 
modal partitioning are only straightforward for certain loading conditions, such that 
the crack plane is perpendicular to the load direction. Such conditions are found, for 
example, in four-point bend tests [Bertolini et al., 20091 and in simple Double 
Cantilever Beam (DCB) tests [ISO, 20011. For more complex problems, such as 
analysis of stringer run-outs, the main loads could lie in the same plane containing the 
crack. Damage initiation and growth in discrete bonded assemblies could be driven by 
secondary bending moments originating because of the eccentricity introduced by 
abrupt changes in cross sections and neutral plane. In such cases the modal 
partitioning of total SERR is not trivial. Furthermore, simple LEFM models require 
stresses or stress resultants (for two-dimensional analyses) as inputs. However, 
general analytical one or two-dimensional models, which account for the effect of 
abrupt eccentricities, have not been developed to date. 
2.5 Failure criteria 
As discussed in the previous Section, the total SERR can be partitioned into three 
pure components such that: 
G=G, + GI, + G11, (2.5) 
However, the critical Mode III component of the total SERR, G111,, is sometimes 
ignored [Greenhalgh, 19981, and failure is assumed to be dominated by Mode I, 
Mode II or a mixed Mode I-Mode II condition. 
Cracks initiate and/or propagate when the total SERR reaches a critical threshold Gc. 
In those cases for which failure occurs due to pure Mode I or pure Mode II, the 
natural failure condition is represented by the following equations: 
G1= Gic , G11 = GjIc (2.6a, 
b) 
The critical SERRs are typically determined by means of standardised tests [ISO, 
2001; ESIS, 2009J. Hence, for these special cases, damage initiation can be predicted 
once the local values of SERR are analytically calculated. 
Unfortunately, in reality the majority of initiation and propagation mechanisms are 
dominated by a mixed mode condition. A large number of mixed-mode tests has been 
developed to fully characterise the damage initiation and propagation and to derive an 
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experimental failure locus [ASTM, 2004]. A variety of mode ratios (GI/GI1) are tested 
and an interaction formula is then used to fit the experimental data. 
The simplest interaction formula generates a linear locus between GI and G11 [Jurf 





=1 (2.7) GIc Glfc 
Equation (2.7) describes a failure locus where linear interactions are present between 
pure components. An interaction formula that allows for non-linearity of the failure 
locus is the power law [Hahn and Johannesson, 1983; O'Brien et at., 1985; Russel 
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This interaction curve is widely used by aerospace and automotive industries 
[Greenhalgh, 19981 because of its simplicity and thanks to the fact that the exponents 
m and n can be tuned to fit the experimental results. Yan [Yan et al., 1991.1 proposed 








where ,p and rare empirical constants. 
To this point, all the criteria exposed are based on empirical considerations. A variety 
of interaction formulae have been derived on analytical considerations supported by 
test evidences. A widely used example is the interaction formula presented by 




The B-K law is based on the stress intensity factor around the crack tip and the 
predicted failure locus fits well with a wide experimental data obtained from a range 
of CFRPs for which the values of the exponent ' are within the range 0.6-2 
[Williamson et al., 20061. For larger values of the exponent the locus becomes highly 
non-linear. Greenhalgh [19981 observed that the criterion is applicable to interleaved 
composite laminates if values of i-8 are chosen. 
43 
For materials that require a smaller value of the exponent Y7, a superior tuning can be 




Gc=GrcýGirc-Gic) Gu (2.11) 
A different interpretation of the fracture mechanism was proposed by Kinloch 
[Kinloch et at., 19931. He suggested that what appears as a Mode II fracture is in 
reality a Mode I dominated fracture that propagate in plane which are skewed with 
respect to the laminate mid plane. This hypothesis is supported by O'Brien [19971. 
Failure is reached when a critical value of modal (Mode I) component, Go is 
exceeded. Go must include the apparent Mode II contribution and analytically the 
hypothesis reads: 
Go=G1+sin2 a)G,, (2.12) 
The parameter o represents the slope of the crack surface roughness and is expressed 
by: 
sine Co = 
GIc (2.13) 
Girc 
Charalambides et al. [19921 proposed a modified version of Equation (2.13): 
Go =Gc[cos 2(//-Wo)+sin2 wsin2(yr-yro)J (2.14) 
where Ge is the measured fracture energy, cv is the phase angle of the applied loads 
and y'o is the phase angle generated by the elastic mismatch across interfaces, e. g. 
fibre/matrix interface. This criterion typically yields a concave failure locus and 
appears to fit extremely well with unidirectional carbon fibre/PEEK composites 
(APC-2) and unidirectional carbon-fibre/epoxy [Kinloch, 19931. The matrix volume 
fraction of both matrices was 35%, but a significant difference in nature is observed 
since PEEK is a thermoplastic polymer while epoxy resins are thermoset polymers. 
There have been several attempts to generate empirical and analytical failure loci in 
recent decades. However, no universally accepted mixed mode test has been produced 
to date. Therefore, results generated by use of different test procedures and rigs have 
generated inconsistent data so that most of the empirical models presented should 
undergo further thorough assessments to gain reliability. It also emerges that failure 
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criteria are material dependent and no general criterion can be used. Composites are 
heterogeneous materials and failure could be governed by different microscopic 
phenomena (matrix cracking, fibre micro-buckling, fibre/matrix disbond, etc. ), which 
can alter the physical interpretation of test results. Two composites made of the same 
fibres but different matrices could experience significantly different failure modes and 
mode interactions. Therefore, the applicability of failure criteria that have been 
empirically developed on the basis of limited sets of test results could be confined to 
the materials tested. Furthermore, in a number of cases it has been observed that the 
effect of environmental condition is such that different criteria should be used for the 
same material but at different environments [Garg, 1987; Russel and Street, 19871. 
2.5 Multiscale numerical modelling 
The complexity related to the analytical calculation of the SERR has led to the 
development of ad-hoc techniques that have been implemented in conjunction with 
finite element analyses [Krueger, 20041. A two-level modelling is required: 
oA global model to predict stress and strain fields of the structure 
undergoing a certain system of external loads. 
oA local model, which is confined to the area where the damage is 
expected to initiate and propagate. 
The outputs provided by the global model are used as inputs by the local model to 
calculate strain energy release rates or stress intensity factors. Therefore, these 
approaches are often described as multiscale modelling. 
To model co-cured or co-bonded composite assemblies, a thorough knowledge of the 
failure mechanisms in composites is required. In composite assemblies, failure 
mostly occurs due to crack initiation in the regions defining the boundary between 
two components. Composite joints in general show different failure types [Matthews 
et al., 1982; Feih, 20021: 
" Adhesive failure (at the adhesive-adherend interface) 
" Cohesive failure (within the bulk of the adhesive) 
" Failure in the composite adherends (e. g. delamination) 
Failure modes involving adhesive/adherend interfaces typically occur if the 
adherends' surfaces are not properly prepared or if there are chemical 
incompatibilities between the adhesive and the composite matrix. Interface failures 
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are mitigated by means of ad-hoc surface treatment and preparation [Gosai et al., 
19991. Composite joints that are bonded following industrial standard surface 
preparation generally do not suffer from this failure mode. Adhesive failure is 
therefore regarded as a quality control problem and is not addressed in the present 
study. Cohesive failure in most of the cases occurs in the adhesive fillet, i. e. at the 
bond-line tip. Although there is experimental evidence that crack propagation can be 
stably confined within the adhesive layer [Garg and Mai, 1988; Potter et al., 20011, 
in most static applications propagation occurs catastrophically and in an unstable 
manner. Furthermore, most of the aerospace structural adhesives are less brittle than 
the composite matrices. Therefore cracks that initiate in the adhesive's bulk tend to 
propagate through the adjacent adherends, which offer a less tough pathway. In recent 
decades, a variety of studies have been undertaken to model crack initiation and 
propagation in composites [Bertolini et al., 20091. These models are most based on 
two distinct approaches: 
" The Strength of Materials approach 
" The Fracture Mechanics approach 
The Strength of Material approach is mainly based on the works of Griffith [1921] 
and Irwin [1957]. The calculation of singular stress concentrations around crack tips 
and the definition of the Stress Intensity Factor represent the foundations of this 
approach. The approach has been extended recently to account for plasticity 
phenomena that can occur in proximity of crack tips [Erdogan, 20001. The changes in 
constitutive behaviour of materials due to stress singularities around crack tips have 
led to the raise of the so called Damage Mechanics [Erdogan, 2000; Krueger, 
20041. This branch of materials science introduces new constitutive laws, which 
simulate the evolution of material properties and strength as functions of the damage 
extension. 
A variety of methods have been implemented to predict damage initiation based on 
the Strength of Materials approach [Bertolini et al., 20091. These methods require an 
accurate calculation of the three-dimensional state of stress in the area where the 
damage is expected. Therefore, they are mostly used in conjunction with a finite 
element analysis, which provides the required inputs. An example of such an 
approach is found in the Abaqus finite element based software, where the so-called 
cohesive elements have been implemented [Abaqus, 2004]. 
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Technically, cohesive elements are used as a layer between the two surfaces that are 
believed to disbond (layer with finite thickness) or delaminate (layer with zero 
thickness). 
Cohesive elements are a macroscopic idealisation of complex fracture microscopic 
phenomena. Their functionality is based upon a bi-linear "cohesive law" (Figure 
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Figure 2.25. Bi-linear degradation law 
The bi-linear degradation law depicted in figure 2.25 is the simplest representation of 
damage evolution due to degradation of properties. It is assumed that the material 
behaviour is linear up to a critical strain (4). When the strain exceeds this value, a 
linear degradation (softening) follows until the corresponding stiffness reaches nullity 
and a complete failure occurs. 
The Fracture Mechanics approaches implemented in finite element commercial codes 
are based upon integral (energy) solutions of the stress field surrounding a crack tip 
[Rice, 19681. To characterise the onset and growth of delaminations and disbonds, the 
use of fracture mechanics has become common practice over the past two decades 
[O'Brien, 1982 and 1998; Williams, 1988; Martin, 19981. However, with the 
exception of ABAQUS and SAMCEF, this approach has not yet been implemented 
into any of the large commercial finite element codes such as MSC NASTRAN, 
ANSYS, PERMAS, MSC DYTRAN [Krueger, 20041. A variety of methods can be used 
to compute the strain energy release rate (SERR) based on results that can be obtained 
from finite element analyses. The finite crack extension method (FCE) [Doltsinis et 
at., 1985; Kruger et at., 19931 and its evolution, the virtual crack extension method 
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(VCE) have been implemented in SAMCEF [Krueger, 20041. The method yields the 
total energy release rate as a function of the direction in which the crack was extended 
virtually, yielding information on the most likely growth direction. The Virtual Crack 
Closure Technique (VCCT) was proposed, for the first time, in a paper published by 
Rybicki and Kanninen [19771. However, it was not until the beginning of the 215` 
Century that the VCCT method has been developed and fully implemented by Boeing 
for ABAQUS under the Composite Affordability Initiative (CAI) [Deobald et al., 
20071. The crack closure method is based on Irwin's crack closure integral [Irwin, 
19581. The method is based on the assumption that the energy DE released when the 
crack is extended by /a from a (Figure 2.26. A) to a+ Da (Figure 2.26. B) is identical 
to the energy necessary to close the crack between locations j and i (Figure 2.26). 
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Figure 2.26. Crack closure method. A) First step (crack closure). B) Second step 
(crack extension) 
The energy AE available to create new crack surfaces is calculated in a first analysis 
step as: 
DE _2 [ii; 6u; +z zw1 (2.15) 
where Xi and Z; are the shear and opening forces required at node I to close the crack, 
while Du; and Ow; are the differences in shear and opening displacements at node i 
due to crack opening. Differential displacements are obtained from a second analysis 
step, in which continuity constraint is suppressed at node i and crack is extended. 
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a Da , 
Aa 
To overcome the computational effort required by a two-step analysis, Rybicki and 
Kanninen [1977] developed a modified crack closure calculation, which represent the 
foundation of VCCT. 
The approach is based on the same crack closure methods developed by Irwin. In 
addition, it is assumed that a crack extension from node j to node 1(Figure 2.27) does 
not modify the stress state at the crack tip. Therefore when the crack tip advances to 
reach node I the displacements behind the tip at node j are assumed to equate the 
displacements behind the tip at node i when the crack tip is located at node j. 
a Aa , 
Aa 
Z, W, Z 
x, U, ý' 
Al 
Figure 2.27. Virtual Crack Closure method 
In this case, for a two-dimensional four-noded element the energy DE available to 
create new crack surfaces is calculated as: 
DE _2 
[X 
jAu; +Z jOw; (2.16) 
To calculate the SERR one single analysis step is required, thus improving 
significantly the computational effort. 
The Mode I and Mode II components of the SERR are calculated as [Raju, 19871: 
Gý 
20a `ZjAw; 
], Gtr = 2-a `XjDu; 
] (2.17a, b) 
The thickness is assumed to be unitary so that the infinitesimal crack surface created 
DA is calculated as . A=Oa x 1. 
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The VCCT-based Interface Fracture Element technique (IFE), have been 
implemented in ABAQUS as a user defined tool [Mabson, 20031. This approach 
yields accurate predictions of delamination onset and propagation, damage tolerance 
and residual strengths. The method was validated against tests on composite stringer 
run-out specimens [Deobald et at., 20071. The J-integral calculation is combined with 
a composite strain invariant failure criterion [Wollschalager, 20021 and requires an 
initial calibration activity. Despite the accuracy and the relatively incremental 
computational efficiency if compared to Cohesive Elements, this method still needs a 
thorough assessment of mesh density and convergence of results. Furthermore, these 
techniques can only be used to predict damage initiation and propagation in pre- 
defined surfaces, called cohesive zones. Both methods are often used for virtual 
testing and results are assumed reliable if a small crack propagation only is simulated, 
i. e. involving a length not longer than few times (5-10 times) the total thickness 
[Cosentino, 20061. Yet, VCCT requires the introduction of an artificial flaw without 
which the calculation could not begin. Hence it is a powerful tool only in those cases 
for which the location of initial crack is well known a -priori. In addition, intralaminar 
failures leading to transverse propagation cannot be simulated by means of both 
approaches due to the planar nature of the cohesive zone modelling. 
To overcome such limitations, Belytschko [Moes et at., 1999; Moes and Belytschko, 
20021 proposed a modified finite element analysis approach (X-FEM). In its original 
implementation, discontinuous basis functions are added to standard polynomial basis 
functions for nodes that belonged to elements that are intersected by a crack to 
provide a basis that included crack opening displacements. The main advantage of X- 
FEM is that the finite element mesh does not need to be updated to track the crack 
path [Moes et at., 19991. The approach is based on the enrichment of the finite 
element solution space with Heaviside step functions to model displacement 
discontinuities [Belytschko and Black, 19991. In addition, some asymptotic branch 
functions are employed to model singularities that could arise in the proximity of 
crack tips [Shi et at., 20081. Another advantage is that X-FEM is able to predict crack 
jumps from one layer to the adjacent due to intralaminar failure. The use of 
asymptotic branch functions at the crack tip allows for an accurate calculation of the 
local SERR in conjunction with a gradient-based analysis, which yield the direction in 
which the damage is more likely to propagate [Shi et at., 20081. Recently an 
automated toolkit was developed by Global Engineering and Materials (GEM) and is 
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available as a user-defined tool in ABAQUS IShi, 2009. Comparisons with other 
features such as cohesive elements and VCCT show that the use of X-FEM provides a 
more efficient tool in terms of computational effort. Figure 2.28 shows a comparison 
of the three aforementioned approaches in terms of number of increments required to 
reach convergence and complete a load step. Results were extracted from a test 
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Figure 2.28. X-FEM, VCCT and Cohesive Elements convergence comparison 
IShi, 2009 
Figure 2.28 shows that there is a clear computational advantage in deploying the X- 
FEM approach. The use of Heaviside and asymptotic functions retains the advantages 
of analytical meshless solutions and ensures rapid convergence of the solution 
calculated by the FEM . 
It reduces the number of increments needed to complete a 
load step IABAQUS, 20041 and offers more stable solutions. 
2.6 Discussion and conclusions 
Delamination and disbond are failure modes that significantly affect the performances 
of composite materials and assemblies. This weakness is exacerbated in thick- 
sectioned stringer run-outs where the complexity of the load path and the abrupt 
variation of stiffness and inertia originate stress peaks localized at the stringer tip. 
These concentrations are the main contributors to the coalescence and growth of 
damage that propagate in an unpredictable, sometimes unstable, manner. As discussed 
in Section 2.5, failure mechanisms are still inadequately understood and there is a 
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widespread lack of reliable analytical tools to predict damage initiation and 
propagation. This, in conjunction with a scarcity of analytical models to simulate 
structural behaviour of two-dimensional composite assemblies, has forced industries 
and academia to concentrate their effort on the development of numerical tools, 
mainly based on finite element analysis. Multiscale FEM with embedded fracture 
mechanics based functionalities, have gained wide acceptance by aerospace industry 
as favorite tools to predict delamination and disbond and for virtual testing of 
composite assemblies [Williamson, 20061. However, because universally valid 
failure criteria are not yet available, the LEFM based sub-model must be calibrated 
each time new materials are employed. Typically, initial calibrations are made against 
tests on simple coupons, such as Double Cantilever Beam (DCB) tests. Once the 
chosen failure criterion is fitted to test data and the preliminary sensitivity studies on 
the effect of mesh size are completed, the model is deployed to simulate more 
complex structures, such as stiffened panels and bonded assemblies. However, 
validations against simple tests cannot ensure that the same accuracy is obtained when 
modeling more complex assemblies. Standard coupon tests are designed such that 
failure occurs in a controlled manner. In complex structures such as stiffened panels, 
failure often occurs in an uncontrolled manner. Cracks can initiate within the adhesive 
and then propagate through the laminate, so that one set of material properties may 
not be sufficient to model the full mechanism. Therefore, further calibration is often 
required against much more expensive tests at sub-component or component level. 
Furthermore, as discussed in Section 2.5 robust and reliable analyses can only be 
obtained if cohesive zones are confined around the area where the damage is expected 
to initiate. Any attempt to model more extensive cohesive zones does not produce 
realistic results and significantly increase the already considerable computational 
effort [Williamson and Austen, 2006-B]. The use of FEM appears more appropriate 
for virtual testing and for special cases that require high-fidelity, such as analyses 
undertaken during the final phases of aircraft design, when configurations have been 
frozen and sized and only a few cases remain for which reserve factors are smaller 
than unity. 
Conversely, in preliminary phases of aircraft design hundreds of load cases and 
configurations must be analysed. FEM does not appear to be suitable, also considering 
that different geometries often require different model set-ups. Despite most of the 
52 
commercial FEM codes allowing the creation of parametric models, these cannot 
sometimes be adapted to cover a wide range of configurations. 
There is scope for development of analytical methods to provide stress analysts with 
flexible and fast tools of analysis. Meshless methods based on Galerkin or Rayleigh- 
Ritz techniques [Jaunky et. Al, 1995; Diaconu and Weaver, 2005; Dubey, 2005; 
Mittelstedt, 20071 are naturally parameterised and readily implementable in user- 
defined subroutines. Flexibility also implies possibility of adaptation of such models 
to optimization techniques, which represent an extremely powerful instrument to 
achieve weight saving and to realize engineered products which are efficient and 
environmentally friendly. Analytical models based on energy and/or variational 
methods are a powerful instrument for obtaining approximate, yet accurate solutions 
to complex problems. Chapter 3 provides the basics of two specific methods: 
1. The Rayleigh-Ritz method, which is an example of discrete application of an 
energy based variational principle 
2. The Galerkin technique, which belongs to the class of weighted-residual 
methods. 
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3. Analytical modelling of composite plates 
The basics o/ Classical Plate Theouv and Classical Laminate AnalY. si. c are provided iii 
the present Chapter. An introduction to Rayleigh-Ritz and Galerkin techniques is also 
of ferred. 
3.1 Introduction 
It is well known from experimental observations Reddy, 19841 that the Classical 
Theory of Plates (CTP), i. e. the two-dimensional model chiefly shaped by the works 
undertaken by Kirchhoff [ 1850 in the 19th century, and then revisited by Love 119341 
and Timoshenko 119341 during the early 20'x' century, underpredicts global 
deformations of the elastic continuum. The principal hypothesis, on which 
Kirchhoff s theory is based, is that normals to the mid-plane before deformation 
remain straight and normal to the plane after deformation. This causes the main 
deficiency of the approach - its neglect of the effect of transverse shear strains on the 
deformation of elastic two-dimensional bodies. Ignoring some deformation modes 
constrains the deformed, modelled structure to one degree of freedom only (namely 
the transverse displacement ii), thus yielding overly stiff behaviour. 
Despite its limitations, Kirchhoff, s theory is still the most widespread approach used 
to obtain robust and reliable prediction of the behaviour of two-dimensional 
structures. Furthermore, it underpins the foundation for composite plate analysis, the 
well-known Classical Laminate Analysis (CLA) I. lones, 1975; Tsai and Hahn, 1980; 
Reddy, 19901. The main simplification is that three-dimensional structures arc treated 
as two-dimensional coincident with the neutral plane (grey area in Figure 3. I ), with a 




Figure 3.1. Two-dimensional elastic structure 
54 
Furthermore, the governing equations become easier to solve and closed-form 
solutions, which typically provide more intuitive and physical representation, can be 
developed. 
The Classical Laminate Analysis (CLA) [Jones, 1975; Tsai and Hahn, 1980; 
Reddy, 19901 is the most common analytical formulation for the analysis of 
laminated composite beams and plates. In CLA a layerwise plane state of stress in 
conjunction with the kinematical assumption of the CPT are assumed. Through-the- 
thickness stresses are not directly obtainable, therefore CLA is not adequate for 
simulations of damage initiation and propagation if a strength of materials approach is 
used. Nonetheless, the use of CLA in conjunction with the CPT allows direct 
calculation of in-plane and bending stress resultants, namely vectors N and M, which 
can be used as inputs for the LEFM model proposed by Williams [19881. This will be 
discussed in details in Chapter 4. 
The aim of the present Chapter is to develop analytical formulations for the modelling 
of composite stiffened panels with stringer run-outs. To capture the effect of 
discontinuous stiffeners on the global behaviour, the presence of stringer run-out is 
represented as discontinuous section properties and the function describing the neutral 
plane of the assembly is treated as an initial (relatively) small perturbation 
[Timoshenko, 1940). In order to avoid potential numerical instabilities due to the 
discontinuity of the initial displacement function, the function describing the 
assembly's neutral plane will be expressed by means of a generalized Galerkin 
technique, such that highly localized effects are ameliorated. Solutions are calculated 
by means of a Rayleigh-Ritz technique. 
The basics of CPT and CLA are provided in the present chapter. A brief introduction 
to Rayleigh-Ritz and Galerkin techniques is also provided. 
Four different analytical models have been developed: 
1. A simplified approximate non-linear one-dimensional model to be employed 
for preliminary analyses and sensitivity study 
2. An approximate non-linear two-dimensional model, which takes into account 
the effect of the of the boundary conditions on the longitudinal edges 
3. An approximate non-linear two-dimensional model for symmetrical 
configurations. The model captures the effect of in-plane loads redistributions 
due to the presence of a discontinuous stiffener terminated within the bay. To 
generate solutions that are equilibrated and compatible, two sets of governing 
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equations are derived and discrctised so that the final form is readily solvable 
by means of Rayleigh-Ritz techniques. 
4. An approximate non-linear two-dimensional model for unsymmetrical 
configurations. As it will be shown in following sections, the equations 
governing unsymmetrical problems are formally similar to equations 
governing fully non-linear problems. Therefore an approximate iterative 
procedure is proposed to calculate solutions, thus avoiding complexity and 
computational effort related to the use of more accurate numerical techniques 
such as the Newton-Raphson algorithm. 
These models arc presented in Chapters 4,5 and 6. 
3.2 Classical laminate analysis 
3.2.1 Laminate constitutive equations 
In CLA, a single CFRP lamina reinforced with continuous unidirectional fibres can be 
schematized as an orthotropic layer (Figure 3.2) coincident with its the mid-plane. 
a I ------- ---_) ____ 1 ,ý 
Figure 3.2. Orthotropic lamina. Principal reference system 
An orthotropic layer in a state of plane stress may be characteriscd by the following 
basic constitutive relationship (Halpin, 19921: 
61 QII Qi, 0 ýI 
6, = Q, Q 0 82 (3.1) 
ri z00 Qnh YI' 
where the stresses ul, 6,, rig and the strains cl, s,, Eis are referred to the system of 
principal axes reported in figure 3.2. In this reference system the components of the 




; Q,, =Q_ ; Q_ ; Q,, =G (3.2) 1 -v,, v12 1-v,, v11 1-1,1 v,, 
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For an off axis ply, i. e. when the fibre direction is at some angle 0to the plate x-axis 
(Figure 3.3) the lamina Q matrix must be rotated according to the plate reference 
system and is generally fully populated. 
1 
3 
Figure 3.3. Orthotropic lamina. Off-axis angle 
Therefore, with reference to the k`I' layer of a generic laminate, the constitutive 













r, 1, QI(,, Q2 . 
Qh6, YA 
J 
Q (sometimes indicated as Q*) is the Transformed Stiffness Matrix of the generic 
off axis lamina expressed using the plate coordinate system. Components are 
expressed by Illalpin, 19921: 
Qý 
ý= 
Qj, cos4 (9)+ 2(Q,, + 2Q,,,, ) sin 2(i9)cos , (9)+ Q sin' (9) (3.4. a) 
Q = Q sin' (, 9)+2(Q,, + 2Q,,,, )sin' (9)cos2 
(9)+ Q,, cos4 (9) (3.4. b) 
Q,, =(Q +Q )sin '(, 9)cos(9)+Q,, 
[sin '(9)+cosa(9)] (3.4. c) 
Q., _(Q, I ý Q. -2Q,, --2Q,,,, 
)sin'(9)cos'(9)+Q,,,; {sin'(9)+cos'(9)] (3.4. d) 
ýý _ (Q,, -- Q1. - 2Q,,,, )sin(9)cos3 
(9)- (Q - Q,, - 2Qfi,, 
)sin' (9)cos(9) (3.4. c) 
)sin 3(9)cos(9)-(Q -Q , -2Q,,,, 
)sin(9)cos'(t9) (3.4. 
Equation 3.3 can be compacted and written in matricial form for the generic ply-level 










\XI. II lfi iii I ilI. l11II 118,111 
Z 
Z U 
Figure 3.4. Ply levels and interface numbering (left). Assumed through-the- 
thickness linear strain distribution (right) 
The in-plane and bending resultants per unit with are defined as ITimoshenko, 19401: 
N, 6, Al, (T, 
N, _J 61 dz, M, _$ cr, Zd= (3.6. a, h) 
N `' r M `' 
or in compact form as: 
N= fadz, M= fzßd_ (3.7. a, h) 
ji il 
Substituting Equation (3.5), separating the continuous integral into a sum over each of 
the N layers, the stress resultants can be expressed as the sonn of contributions of each 
layer 
N= fQ, E4dz, M=y f=Q4EAdz (3.8. a, h) 
k-1 =a i 
k-1 _A I 
In the linear regime, the following Kirchhoff s kinematical relations link membrane 
strains and curvatures to in-plane and transverse displacements I Kirchhoff, 18501: 
o 
all,, 
1, (110 ýýo S. r= "Y= +-, E, (3.9. a, b, c) öx öy ax 
k=- -- -k=-ý21 
v'' k= -2 
` --- 
, (3.10. a, b, c) ax2 ýý. ' ilvi), 
Defining the vectors: 
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ex kx 
E° = s° ,k= 
ky (3.11. a, b) 
0k re XY 
and assuming a linear variation of the in-plane strains through the laminate thickness 
(Figure 3.4): 
E(x, y, z) = E° (x, y) + zk(x, y) (3.12) 
Equations (3.8) can be re-written as: 
N Zk N Zk 
N=J: JQkC°dz+ JZQkkdi (3.13. a) 






k=1 Zk_, k=1 Zt_, 




- Zk-1) (3.14. a) 
k=1 
B=1>Qk (Zk - Zk-1) (3.14. b) 
2 
k=1 
D=k- Zk-1) (3.14. c) 3 
k=1 
The constitutive equations for a laminated composite plate can be expressed in 




Matrices A and D represent respectively the in-plane and bending stiffness matrices of 
the plate. They relate the total in-plane and bending stress resultants with the mid- 
plane stretching and curvature respectively. Equation (3.15) also indicates that for a 
generic composite laminate the bending arises because of a mid-plane stretching 
and/or because of the effect of the curvature. Analogously, in-plane stress resultants 
can arise because of an enforced curvature. That is, in-plane and out of plane 
behaviours may be coupled, depending on how the different laminae are stacked-up. 
The matrix B is the indicator of such a coupled behaviour, and is therefore referred to 
as the coupling matrix. 
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It is, in general, possible to rearrange Equation (3.15) in other forms that could be 
more useful to solve certain varieties of problems. 
It is possible for instance to invert Equation (3.15): 
to 
= 
A' B' N 
(3.16) 
k BT D' M 
Another useful representation of the constitutive equation (3.15) is its partially 





M C* Dk 
Where: 
A' =A-'; B' =-A-'B; C' =-B*T D* =D-BA-B (3.18a, b, c, d) 
The coupling matrices B* and C* are, in general, unsymmetrical. 
3.2.2 Equilibrium equations for laminated composite plates 
The equilibrium equations for thin plates in liner regime and neglecting volume forces 
are [Halpin, 19921: 
aý 














=9 (3.21) Ox äy 
Equations (3.19a) and (3.19. b) govern the in-plane force equilibrium. Equations 
(3.20a) and (3.20b) are the moment equilibria with respect to the y-axis and x-axis 
respectively (ref. Figure 1). Equation (3.21) governs the vertical force equilibrium. 
The first two in-plane equilibrium equations are identically satisfied by introducing a 
stress function f2 such as: 
, 
b, c) 2 F' öxay 
Nom 1 axz = 
N' (3.22. a 
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The stress function is commonly referred to as Airy stress function [Reddy, 2004]. 
Differentiating Equation (3.20a) with respect to x and Equation (3.20b) with respect to 
y and substituting in Equation (3.21), the equilibrium equation is derived, which 
governs the bending of thin plates: 
zzz a Mx a MX, a My 
_ 
axe 
+2 axay + ayz -q 
(3.23) 
In the linear regime and for few special cases (i. e. for those lay-ups that do not induce 
coupling between in-plane and transverse behaviours) the in-plane (3.19) and out-of- 
plane (3.23) effects can be analysed separately and solutions can be superimposed 
according to the principle of superposition of effects. Nevertheless, in the most 
general case composite laminates exhibit coupling. From the constitutive equations in 
partially inverted form - Equation (3.17), bending moments can be expressed as 
functions of curvatures and in-plane loads: 
M= C*N + D'k (3.24) 
Making explicit the compact equation (3.24) and substituting in Equation (3.23), the 






azw-D' a2w-2D. azw 
axz 
CI* 
azz ii äy2 
CI* 
axay ii axz iz öyz '6 axäy 
a2 . a2si a2f2 . a2fl . azw a2w . 02w +2 axay Ce1 ayz + C62 axz - Cý axay - D16 W- D26 ýz - 2Dý axay 
a2 . als . a2j2 . aZn . a2w . a2 . a2W +Z Czl ý2 + C22 aX2 - C26 axý - D1z z- D* ýZ - 2D26 a 2-_ -9 (3.25) 
Equation (3.25) is a fourth-order partial differential equation, which requires the 
knowledge of either the transverse displacement function w or the Airy stress function 
S2 in order to be solved. 
3.2.3 The compatibility equation 
The kinematical equations (3.9) express the in-plane strains S',,, d, and ?,, y in terms 
of the two axial displacements of the mid-plane, namely uo and vo. As a result the in- 
plane strains cannot be assigned values in an arbitrarily and independent manner. 
Differentiating Equation (3.9a) twice with respect to y, Equation (3.9b) twice with 
respect to x, Equation (3.9c) twice with respect to x and y and equating: 
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aye aX2 axay 
Equation (3.26) is the compatibility equation for thin plates and in this basic form 
does not depend on the material nature. To derive an equation that is more specific to 
composite laminates, the constitutive equation (3.17) can be used. In plane strains can 
be expressed as functions of in-plane stress resultants and curvatures: 
E° = A'N + B'k (3.27) 
Substituting in Equation (3.26): 
"Yz \A>>n, YY + 
AIZS2,. - A16S2, sr - 
B, iw. - B1zw,, v - 





A22S2 - A2*6S2, ý - 
Bz1 w. - BZ2w, rr - 
2B26w, 
+a A16S2 - A26S2 + A66S), Xv + 
B61w. + B6zw, rr + 
2B66w, )= 0 (3.28) 
öxöy 
Where, for convenience, the subscripts preceded by a comma indicate partial 
differentiation. 
3.3 The Principle of Virtual Work 
Consider an elastic body which is deformed by an external set of forces and assume 
that the system is in equilibrium. Now, starting from the actual configuration, we 
consider a virtual (infinitesimal and compatible with the constraints) change in 
deformed shape. The virtual change in shape will cause a virtual increment of the 
internal strain energy (SU), and a virtual work performed by the external forces (5p). 
The Principle of Virtual Works, in its displacement-based formulation [Kollar and 
Springer, 19941 states that: 
The actual deformed shape is the one that minimises the total energy of the system if 
and only if the virtual work performed by the external loads due to the virtual change 
in shape equates the virtual increment of the internal energy (whatever the virtual 
increment chosen) 
15U-8V=0 (3.29) 
Under the assumption of state of plane stress throughout the domain (Reissner, 19451, 
in order to obtain a system of governing field and boundary equations, the 
Castigliano's Theorem of Least Work can be employed. The theorem states that, 
among all statically correct states of stresses, the state of stress which also satisfies the 
62 
constitutive equations and the displacement boundary conditions is characterised by 
the condition that the variation of the following functional II vanishes: 
II =2ff J((r 
T6 +TT y)dXdydzZ - Qa 
(UnUn + rsus + r- w)dsdz - 
ff 
gwdxdy (3.29) 
The first double integral is calculated over the thickness and the closed curve F 
defining the plate mid-plane on x -y plane. The co-ordinates n and s are, respectively, 
the normal and the tangent to the above curve. 
The CTP is based on the assumption of negligible shear strains and stresses; therefore 
Equation (3.29) collapses to the following: 
II =2ff faT Edxdydz- ff cr u dsdz -ff gwdxdy (3.30) 
The volume and the surface integral in (3.30) originate the equilibrium equations, 
whilst the closed integral is responsible for the determination of the boundary (natural 
and essential) conditions of the problem [Reddy, 19841. 
3.4Energy and variational methods 
The principle on which variational methods are based is the minimisation of a 
functional that includes all the intrinsic features of the problem. The principle of 
virtual work represents the link between energy and variational methods. Since the 
only equilibrated and compatible solution is the one that minimises the first variation 
of the total energy, it follows that the energy is by definition an intrinsic functional. 
Energy-based variational methods bypass the search for solutions of the equilibrium 
end compatibility equations (which are, in most of the cases, extremely complex), 
providing a direct approach to the elastic problem directly from the variational 
statement. 
Several direct variational methods have been developed and can be used to discretised 
and solve elastic problems. The Rayleigh-Ritz method is the one the present study 
focuses on. 
Recalling that stresses, strains and displacements are linked by the kinematic and 
constitutive equations, the general integral equilibrium expression of the variational 
statement introduced by the principle of virtual displacements can be schematised as: 
61i(u, v, w, q)= o (3.31) 
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The fundamental idea of the method is to approximate the displacements by a linear 
combination of a finite number of known functions ((A ("), (AM and Vk(w) respectively), 
often referred to as coordinate functions [Reddy, 19841, each multiplied by an 
unknown coefficient: 
U= c" v= c v"ý w= c" 3.32a be r (P1 jj 
v) Pk 
=1 I=1 k=l 
Substituting Equations (3.32) in Equation (3.31) and carrying out the variations, a 
system of N+ N,, + N, v algebraic equations in N+ N,, + N,, unknown variables is 
obtained [Reddy, 19841: 




&(Y) = 0, j=1,2,..., N,, (3.33b) 
öcJ 
arý 
&(w) = o, k=1,2,..., N,, (3.33c) 
ak 
The associated accuracy depends on the number of coordinate functions used to 
approximate the displacements. If the coordinate functions are chosen such that the 
essential boundary conditions are fulfilled, the approximate solution converges to the 
exact solution as the number of coordinate functions tends to infinite [Reddy, 19761. 
It is generally recommendable that the coordinate functions are chosen such that the 
following requirements are satisfied [Reddy, 19841: 
i. The essential boundary conditions are fulfilled 
ii. The coordinate functions are linearly independent and form a complete series 
iii. The coordinate functions are continuous and differentiable throughout the 
domain 
Notably, natural boundary conditions are not mentioned as they are included in the 
variational statement. 
An important observation is that since the real continuous system is approximated by 
a finite number of degrees of freedom, the approximate system is less flexible than the 
real system. As a result the approximate solution tends to the exact solution from 
below, i. e. the exact solution represents an upper bound for the approximate Rayleigh- 
Ritz solution. To obtain a solution that converges to the exact solution from above, it 
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is sufficient to formulate the variational statement in terms of complementary 
potential energy [Mansfield, 19891. 
3.5 Weighted residual methods 
The main advantage of the Rayleigh-Ritz method is that it can be applied directly to 
the variational statement, thus bypassing the direct solution of the governing 
differential equations. However, this is sometimes a shortcoming of the method as it 
cannot be applied to solve problems which cannot be derived by variational 
statements. A generalization of the Rayleigh-Ritz method is due to Galerkin and 
Petrov [Ern and Guermond, 20041. 
Consider a generic field equation in the generic variable u: 
F(u) =f (3.34) 
and the associated boundary condition: 
B(u) =g (3.35) 
where F and B are the field and boundary operators respectively, and f and b are 
specified functions. 
If the function u is continuous and square integrable [Lebesgue, 19041, a Hilbert's 
metric can be introduced in the domain of definition. There exist an infinite series of 
eigenfunctions [Halmos, 1957] that are linearly independent and orthogonal in the 
Hilbert sense, such that the function u can be expanded in the following series: 
u=j: CkOk (3.36) 
k=1 
Recalling that in an Hilbert space the inner product between two generic functions 01 
and is defined as [Lindenstrauss and Tzafriri, 19711: 
b 
<01,02 >= J0I02dx (3.37) 
a 
We define the orthogonality conditions as: 
b 
f oio2 =0 (3.38) 
a 
The eigenfunctions represent a complete and orthogonal base for all the functions 
defined within the considered domain, subjected to the boundary conditions (3.35). 
Each eigenfunction satisfies Equation (3.35) in its homogeneous form. To fully satisfy 
Equation (3.35) an extra term must be added to Equation (36) [Reddy, 19841: 
65 
w 
U= 0o +J: Ckok (3.39) 
k=1 
where the function A satisfies the specified boundary conditions (3.36). 
Alternatively, the following modified eigenfunctions can be used [Akhiezer, N. and 
Glazman, 19931 (this will be discussed in detail later in Chapter 6 (Section 6.1.3) 
u- E(O0, + Ck ok) (3.40) 
k=1 
where 
B(j]00`)=j]B(O0 )=g (3.41) 
k=1 k=1 
The definition of inner product in the Hilbert sense provided by Equations (3.37) and 






Equation (3.42) shows that coefficients ck can be interpreted as the components of the 
function u on the correspondent eigenfunctions. Furthermore, Equation (3.42) can be 
also interpreted as a spectral decomposition of the function u. As a result, Equation 
(3.36) is often referred to as generalised Fourier series. 
In the Petrov-Galerkin method of weighted residual, the solution is sought arresting 





Equation (3.43) represents an approximate expansion for u, therefore substituting in 
the field Equation (3.34), a residual (error) EN is found: 
F(Y0 +ECkcbk) -f =EN 
k=1 
(3.44) 
Coefficients Ck are calculated by enforcing the condition that the residual is 
orthogonal to N weight (or coordinate) functions q: 
b 
J(p; ENdx = 0, i=1,2,... N (3.45) 
a 
Substituting Equation (3.44) in Equation (3.45): 
bNNb 
j(P; F(00+ECkOk)-f dx =Z 
J(P; F(ok* k- 
Jg, [f 
- F(O0) (3.46) 
a J=l l=l aa 
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jco, F(Ok , 
(P), =f co, [ -F(q5o)] (3.47a, b) 
If the weight functions chosen are linearly independent, Equation (3.46) represents a 
system N of linearly independent equations in the N variables Ck, which can be 
compacted as: 
Mc =p (3.48) 
where the vector c is defined as: 
C= [c, 9 cz ,....., cN 
IT (3.49) 
Generally, the M matrix is non-symmetric; therefore the computational effort 
associated with the present method is larger than the one associated with the 
Rayleigh-Ritz method, in which the final algebraic system is symmetric [Reddy, 
19841. 
If the set of weight functions coincides with the eigenfunctions, the method is known 
as Galerkin technique. Furthermore, if the field operator F is nonlinear, then Equation 
(3.48) is a set of nonlinear algebraic equations. 
It must be highlighted that the Galerkin technique reduces to the Rayleigh-Ritz 
method if it is applied to solve equations that are derived from quadratic functional or 
from the principle of virtual work, i. e. conservative systems. 
3.6 Conclusions 
An overview on fundamentals of CPT and CLA was provided. An insight on the 
theoretical background of discretisation technique was offered. Both the Rayleigh- 
Ritz and the Galerkin techniques represent powerful tools to discretise continuous 
elastic problem to obtain a meshless representation. These methods will be used, 
separately and in combination, by the four analytical models that are developed and 
presented in the next three Chapters. 
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4. An approximate one-dimensional non-linear 
model 
Under the hhpothesis of stuhle regime, u simple cane-dimensional model is presented 
with the airs of' providing an introduction to the mathematical instruments and 
modelling techniques that will he used throughout the following Chapters. 
Furthermore, a rapid und easy to use tool to predict transverse deformation of 
stringer run-out panels under a srrperstringer crssrnnption is provided. The model is 
validated against one geometrical configuration. 
4.1 Introduction 
A simplified approximate non-linear one-dimensional model to be employed for 
preliminary analyses and sensitivity study is presented in this chapter. The von 
Karman formulation for moderately large deflections in plates ITimoshenko, 19401 is 
used to capture the non-linear structural behaviour and the effect of the eccentricity of 
the neutral plane. 
The structure is schematised as a beam coincident with a central strip, as shown in 
Figure 4.1. The span length is the length of one single bay between two adjacent ribs; 
the maximum width is the foot width ß,. The portion of in-plane load acting on the 
strip is derived as a fraction of the total external load acting on the panel, according to 
the total/strip axial stiffness ratio. 
0 Central strip 
(St iti2ets. ' pitch) 
A) Region of interest li) (inUa) ship noss section 
Figure 4.1. Central strip definition. A) General representation. B) Cross section 
Both the left and the right ribs are assumed to restrain the structure inhibiting all 
degrees of freedom. The entire strip is considered to be isolated from the rest of the 
structure; meaning that apart from the ribs, no further mechanical restraints will be 
assumed in the present analysis. Geometrical properties and parameters, loads and 
boundary conditions are shown in Figure 4.2. 
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Clamped edge (left ritt'frame) 
Only axial (x direction) 
displacement allowed 
('irht rih; frame) 
Figure 4.2. Span wise geometrical parameters 
Both the left and the right ribs are assumed to restrain the structure inhibiting all 
degrees of freedom. 
The outputs of the model are stresses and strains throughout the domain, which can be 
used to feed the LEFM based submodcl that will be discussed in details in Chapter 4. 
The main limitation is that the only failure mode that can be analysed is the 
skin/stringer disbond (see Section 2.3.3). Nonetheless. this is for the majority of cases 
the failure mode that occurs at lower load levels I. Meeks et al, 20051. Furthermore, 
the proposed one-dimensional model can be deployed to carry out sensitivity studies 
to obtain information on how the geometrical parameters described in Figure 4.2 
influence the overall strength. 
4.2 Variational statement 
The use of the modified von Karman non-linear approach ITimoshenko, 1934 with 
the assumption of a constant in-plane load throughout the domain, guarantee that the 
governing equations can be expressed by means of one variable only, i. e. the 
transverse deflection it. In the nonlinear regime, a second order contribution must be 
added to the kinematic equation (3.9a): 
irr+1 rtitý 
(4.1 
(x 2 ix 










where (EI) is the cross-sectional bending stiffness. Detailed calculation procedures for 
the calculation of bending stiffness in composite beams is provided in Appendix A. 
The beam is subjected to in-plane load N. Furthermore, the effect of a transverse load 
per unit length q(x) is included in the model. Following, for example, Mansfield 
119891 and Kollar and Springer 119941, the total strain energy U due to bending is: 
U=1 J(EI)k'dx =1 
'(EI) d 1 (4.4) 
2ý 2O dr 
The bending stiffness (EI) is, generally, a discontinuous function of the span 
coordinate, therefore must be calculated analytically at each cross section in order to 
homogenise the stiffness over the beam and carry out the integration. 
the potential . 
fig of the transverse load is Kollar and Springer, 19941: 
QQ fq dr (4.5) 
0 
To derive a variational statement for the potential of in-plane loads, further 
considerations must be done on the eccentricity of the neutral plane. 
ecceiiti icit' (e) 
Skui neutral plane 
u elei ei ice ) 
Neutral lane 
Figure 4.3. Span-wise variation of neutral plane 
The two-dimensional elevation view depicted in Figure 4.3 shows the change in 
neutral plane along the span co-ordinate x. The variation is dictated by the changing 
geometry of the composite assembly analysed. If an in-plane load acts on the beam, 
the effect of the eccentricity of the external force with respect to the neutral plane 
induces transverse bending moments and subsequent out-of-plane displacements. In 
classical beam theory the in-plane and out-of-plane effects are decoupled. However, 
the variation of the beam's neutral plane can be interpreted as an initial perturbation 
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from the straight configuration. If this initial perturbation coincides with the neutral 
plane function, then Timoshenko's approach for buckling of beams with reasonably 
small initial imperfections can be used to calculate the potential . QN of the external in- 







To integrate Equation (4.6) one must be able to differentiate the eccentricity function 
e(x). Unfortunately, Figure 4.3 shows that this function is generally discontinuous. 
Functions with discontinuities of the zero`h and first orders (i. e. two different values of 
the function and of its first derivative at one point, respectively) are not differentiable 
at each discontinuity point. An analytical continuous and differentiable representation 
of the eccentricity is therefore needed. 
4.3 Eccentricity function 
It was shown in Section 3.5 that the Petrov-Galerkin technique can be used to derive a 
spectral decomposition for an unknown function, which is involved in equations that 
cannot be derived by a variational statement. 
Let us assume that the eccentricity function is expressed by the following generalised 
Fourier series: 
N 
e=> Spe, ej (4.7) 
J=ý 
where the functions (pej are known coordinate functions and coefficients e, are 
unknown. Let us further assume that the function zp(x), representing the span-wise 
variation of the neutral plane is known. Since Equation (4.7) contains a finite number 
of terms, then the error (residual) Err(x) induced when replacing the real function 
with its generalised Fourier series representation, is given by: 
N 
Err(x)=zp(x)-Zrpe jej (4.8) 
j=1 
Applying the Galerkin technique and enforcing the condition that the residual's 
components on the used co-ordinate functions are null, we obtain: 
LL ly L 
f Pe, i (x)Err(x)dx =f rpe, i (x) znp (x) -j ýPe ejd= 
5g,; (x)znp (x)dx 
oo j=1 o 
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LNLNL 
- (oe, i (x)Yfie, jej dx =f (pe, i (x)Zp (x) -ej frei (X)(Pe, j =Oj =1,2.., N (4.9) 
0 j=1 0 j=I 0 
Equation (4.9) is equivalent to a system of N linearly independent algebraic linear 
equations in the unknowns ej, which can be compacted as: 















e= let, e2...... e-, 
1 (4.13) 
If the residual is weighted and minimised in the Galerkin sense - i. e. coordinate 
functions coincident with weight functions, then the matrix K is symmetric and 
invertible and the unknown coefficients are calculated as: 
e=K-Z (4.14) 
To accurately derive a generalised Fourier series expansion for the eccentricity 
function, a proper set of independent and orthogonal coordinate function must be 
chosen. With reference to Figure 3.10, the general boundary conditions for the 
eccentricity function are: 
i, e(x)=0 atx=L 
ii. de/dx =0 at x=L 
iii. No specified values for the function or its derivatives at x=0 
Conditions i, ii and iii are equivalent to the boundary conditions of a beam that is 
clamped at x=L and free at x=0. For this problem, independent and orthogonal 
eigenfunctions are known [Mansfield, 19891: 
(p,, j (x) =1- cos 
[j 
2L 
(L - x)] j =1,2,...., N (4.15) 
The use of eigenfunctions (3.64) ensures rapid convergence, fulfilment of the 
boundary conditions and faster solutions. In fact, the orthogonality caused every cross 
integral (4.12) to be null. Therefore K is a diagonal matrix. Spectral decomposition is 




J( (p" X)dx 
0 
The first six eigenfunctions (4.15) are plotted in Figure 4.4. 
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Figure 4.4. Example of eigenfunctions of a clamped-free beam 
(4.16) 
Figure 4.5 shows how the number of terms (cigenfunctions) used to arrest the 
generalised Fourier series (4.7) affects the accuracy of the technique. A generic 
function and its Galerkin approximations are plotted for four different cases 
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4.4 Problem discretisation 
It was shown in Section 3.4 that the Rayleigh-Ritz method is the most suitable 
technique to discretize problems that can be derived from a variational statement. To 
express the internal energy in terms of coordinate functions and unknown coefficients, 
an appropriate generalised Fourier series must be defined for the transverse 
displacement w. Since the essential boundary conditions of the problems consist of 
null rotations and transverse displacements at each end of the modelled beam (Figure 
4.2), an appropriate set of orthogonal, independent and respectful of the boundary 
conditions coordinate functions cp,; is represented by the eigenfunctions of a beam 
that is clamped at both ends. These eigenfunctions can be readily calculated by 
solving the Euler equation of column buckling of a beam with the same boundary 
conditions [Mansfield, 19891: 
(p,.,,, (x) = a,, +b,, x+c,, sina,, x+d,, cosa,, x i =(4.17) 
where: 
a,; L(cosa,; L -1) (cos a,, L -1) 
a,.; =-1, b,, _- , c,, _ , d, m =1 
(4.18a, b, c, d) 
a,, L -sina,, L a,, L - sina,, L 
The quantities ai , are the roots of the 
following transcendental equation: 




cos 2=0,2= aL (4.19) 
The roots of Equation (4.19) are reported in Table 4.1. 
Table 4.1. Roots of associated transcendental Eauation (4.191 
i 1 2 3 4 5 6 7 8 9 10 >10 
A 2n 2.8637r 4n 4.918it 67r 6.941ir 8rc 8.9557c 107t 10.965n (m+1) zt 
The following truncated series expansion satisfies all the mandatory requirements for 
an appropriate use of the Rayleigh-Ritz method: 
Nw 
w= (pW ; w, (4.20) 
Substituting expressions (4.7) and (4.20) into the expressions of the internal and 
external potentials (4.4), (4.5) and (4.6), the following expressions are derived for 
each energy contribution: 
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N Nw L 
U= f(EIýPW,, (pW, J 
dx ]Jww, (4.21) 2 
i_I rI o 
1NNL N2: 
2: .L nN 
=-1f NV 
,. 





J=I 0 1=1 i=1 0 
1NNL 
2 
JNcOe,, (e, ßdx e, e, (4.22) J=I o 
N. L 
f 9(x)V,,,, x'; (4.23) 
0 
Defining the total potential II: 
H=U+ f2N + c2Q (4.24) 
The principle of virtual displacements can be written as: 
Cri 
= 0, i =1,....., NW (4.25) awl 
Performing the differentiations with respect to w; and compacting, the following 
linear system is obtained: 
[G+H]w=Q-He (4.26) 
where 
















j dx (4.30) ` 
of 
The vector e is defined by Equation (4.13) while the unknown vector W is given by: 
W= [w> > x'z,..., WNW 
J (4.31) 
The matrix (G+H) represents the stiffness matrix of the discretised system. It is 
symmetric since both matrices (G and H) are symmetric. It is not, in general, a 
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diagonal matrix, since H is typically fully populated. However, the overall symmetry 
ensures a reduced computational effort. 
There are two load terms in the equation, which can induce transverse displacements. 
One load term is trivially represented by the vector Q of the spectral decomposition of 
the external distributed transverse load. The second load term is represented by a 
matrix, namely H, multiplied by the vector e, which was previously calculated by 
means of the Galerkin technique. 
Notably, both H and H matrices are linear functions of the amplitude of the external 
load N. 
It is also interesting to observe that H is in general not a square matrix. It reduces to a 
square matrix only if same number of terms is used to expand both the eccentricity 
function e and the displacement function w. 
Furthermore, in all the cases in which same eigenfunctions can be used to model both 
the transverse displacements and the eccentricity (i. e. when both functions must 
satisfy the same boundary conditions), only the stiffness matrix H must be calculated 
and Equation (4.26) simplifies to: 
[G+H]W=Q-He (4.32) 
Coefficients w; are calculated by inverting Equation (4.26): 
W=[G+H]-'[Q-He] (4.33) 
Coefficients w; completely describe the state of stress and strain throughout the 
domain. The bending moment is calculated as: 
N d2(P 




The truncation causes an error, which is negligible if the number N, of eigenfunctions 
used to discretize the transverse displacement, is reasonably large and guarantees the 
convergence of the approximate solution. One of the intrinsic features of the 
Rayleigh-Ritz method is that increasing the number of transverse displacement 
eigenfunctions causes the approximate solution to tend to the exact solution from 
below. This statement is no longer valid for the present approach as we have 
introduced a further approximation, which is the Galerkin representation of the 
eccentricity function. Yet, the eccentricity function e(x) represents a very good 
approximation of the real eccentricity if a reasonably large number of terms (at least 
larger than eight, as shown in Figure 4.5) is employed. Therefore increasing Nw and 
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ensures that the approximate solution tends to the exact solution, provided that the 
number of terms used to approximate the eccentricity is reasonably large too. For the 
present case, the presence of geometrical non-linearities in conjunction with the 
discontinuity of the eccentricity extends the convergence threshold to a larger number 
of eigenfunctions, typically between 10 and 20 terms are required [Reddy, 19841. 
4.4 Case study 
In this Section, an example of the calculation procedure is given and results are 
compared with a two-dimensional non-linear FEM. With reference to Figures 4.1 and 
4.2, geometry and material properties used are reported in Table 4.2. 
Takle 4.2_ Genmetrv and averaae elastic mnrlnlii 
E, [MPa] 94125 is [mm] 8 
EW [MPa] 107550 tf[mm] 4 
Er [MPa] 107550 tw [mm] 8 
B1 [mm] 70 xw [mm] 300 
L [mm] 1000 xf [mm] 400 
h, j [mm] 45 aw [deg] 30 
h, [ mm] 6 aj [deg] 5 
The generalised Fourier series expansion of the transverse displacement was truncated 
at NW = 20. The number of eigenfunctions used to approximate the eccentricity is N= 
10. Out-of-plane displacements, rotations and bending moments are compared and 
comparisons are shown in Figure 4.6. The in plane external load applied is F= 10 kN. 
Results show excellent correlation with FEM. To model the two-dimensional 
structure illustrated in Figures 4.1. and 4.2, a two-dimensional FEM model was 
created. The domain was discretized by means of quadratic quadrilateral elements 
S8R IABAQUS, 20041. The elements size is as uniform as possible throughout the 
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Figure 4.6. Span wise correlation. A) Transverse displacement w. B) Section 
rotation. C) Bending moment 
4.5 Preliminary conclusions 
A novel robust and efficient method for fast evaluation of stress resultants and strains 
in panels with stringer run-outs was presented. Comparisons with detailed FEM show 
that the method is reasonably accurate. 
Despite limitations due to one-dimensional assumptions, failure modes are well 
captured by the model, as will be discussed in Chapter 8. The proposed approach 
provides significantly more efficient analysis of fracture of stiffened panels than those 
others commonly used. Of course, several limitations affect comparison of the 
proposed strip analysis with real two-dimensional structures. However, the approach 
is believed to be more accurate in those cases for which load redistributions are not 
prominent, so that the assumptions taken to determine the percentage of total load that 




















Figure 4.7. Mesh details and local deformation at run-out tip 
is injected in the central strip are plausible. If used for industrial purposes, the method 
is suitable for fast sensitivity and preliminary sizing exercises. Neglecting the second 
dimension causes the model to over estimate the amount of bending and the overall 
transverse displacements. Therefore results are expected to be slightly conservative. 
The method provides inputs for the associated LEFM-based submodel, which will be 
discussed in details in Chapter 8. 
A refined, yet approximate, two-dimensional model is presented in the following 
Chapter. 
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5. An approximate two-dimensional non-linear 
model 
The 1)/'JSe'/tt Chu/)ter e'xtench' the one-dimensional anah'sis 1)/'c's('nte'c/ in Chcll)tcr 4 to 
develop an approximate two-dimensional non-linear meshless approach to predict 
structural behaviour Of discrete1V assembled C'Un7/)OsitL' 1)an('! s niade fi ommz skill and 
stringers. The non-lineal' structural behavior is obtained hl' 1nC'ans Of the von Karnial1 
formulation for moderatehv large deflections in plates; three-dimensional assemblies 
are condensed to two-dimensional mathematical models. The e11c'ct of eceentric"itt' is 
included in the simulation. Solutions are calculated hi' means of a Rai lei, (,, h-Rit_ 
approach based on Galerliin's orthogonal eigenfimctions. Numerical result" ohtai/1Ld 
by means of the present method are validated compared 11011-linear fillitc' c'le'ment 
anal VsjS'. 
5.1 Introduction 
The purpose of the present Chapter is to establish a more refined methodology 
(compared with that presented in Chapter 4) to predict static structural response of 
composite stiffened panels with stringer run-out. To appropriately model the problem 
represented in Figure 5.1, a two-dimensional approach is required, which is able to 
capture: 
i. The effect of by-axial bending (neglected by the one-dinmensional model 
presented in the previous section) 
11 . 
The effect of non-constant cross-sections 
Figure 5.1. Example of skin/stringer composite assembly with the central 
stringer run-out at mid-bay 
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iii. The two-dimensional effect induced by the eccentricity of the in-plane loads 
5.2 Outline of the approach 
In order to employ a two-dimensional approach, the problem is simplified by locally 
homogenizing the properties of the stiffeners over the plate. This is done by first 
calculating the axial and bending stiffnesses of the stringer, and then an equivalent 
layer will be added locally to the stacking sequence of the skin. The overlap areas will 
be assumed to be the projections of the skin/stiffeners contact surfaces on the x-y 
plane, as described in Figure 5.2. The global domain will therefore be partitioned into 
sub-domains (fields). The assumptions made and the procedure that allows calculating 
the equivalent layers and hence the properties of each field are described in Appendix 
13. 
A) Real panel IS)' I'wo-dinicuýioual in plane schone 
IL- 
Sfifentts 
Figure 5.2. In-plane projection of the skin-stringers-frames assemble 
The equivalent field properties arc then smeared over the regions defined by the 
boundaries of the stiffeners feet (areas in gray, Figure 5.2). Abrupt discontinuities of 
the functions expressing the neutral plane (eccentricity) and the structural properties 
(i. e. A, B and D matrices) will also take place on the same boundaries. 
5.3 Variational statement 
Following von Karman, the membrane strains and the curvatures are expressed as 
functions of the transverse displacement as follows ITimoshenko, 19401: 
0 
ÖUoý ÖVO C%I Clt' ý'Vp (, lt' 
=^ ++--g =+ - (5.1) 







Skin field LJ Ski1LFlange overlap field 
=SldnrPraine field =Sk-1IFlan¢e'Web field 
It is assumed that the modelled assembly is overall sufficiently thin, so that both the 
above kinematical assumptions and the state of plane stress required by ('LA are 
obeyed. According to this assumption, the constitutive equations of the laminate 
expressed in the partially inverted form are given by Equation (3.17): 
E° 
_ 
A* B* N 
(3.17) 
M_ B'' D* k 
where: 
k N, r t1, 
E° = s° ,k=k, ,N=N, , 'Ni =ý . 
M, (5.3) 
co k N, 11 
We consider the rectangular panel sketched in Figure 5.2. The panel is subjected to 
uniformly distributed in-plane loads N, N. and ; tip,, around the edges. Furthermore, the 
effect of a transverse load y(. Y, ti) is included in the model. Following, for example, 
Kollar and Springer [19941, and Mansfield (1989[ the total strain energy U due to 
bending is: 





boo 2 200 
ýay ) ýýt 
2w a, 2ti,, a`rr 0211, (12 c? 'H, i7,2 ti, +4D 66 +2D', 2 -+4D* 16 +4D', n (5.4) Cý. YGýY ex Cl' (x Cx[l. Cpl'2 C'Vel' 
The in-plane equilibrium equations (3.19a) and (3.19b) are identically satisfied under 
the assumption that the in-plane loads do not vary with x and r. 
If geometrical and mechanical properties are homogenised over the skin, the variation 
of the neutral plane can be interpreted as an initial imperfection. If this initial 
imperfection coincides with the neutral plane function then Tinioshenko's 
approach for buckling of plates with reasonably small initial imperfections can he 
used to calculate the potential S2', of the external in-plane fürcc [Timoshcnko and 
Gere, 19611: 
--f 
ý+ Noý-+ +2N. ý,. o 
Ixt (5.5) 
2o CSC LAC ov Q%l 
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where is the neutral plane function which is treated as a moderately large initial 
perturbation, and N,,,, N,.,,, and N,,,, are the internal in-plane forces per unit length 
which are related to the external applied loads as shown in Appendix C. 





The total potential energy 11 of the system is given by Equation (4.24), conveniently 
reported below: 
I7=U+S2, +Q(_) (4.24) 
In order to properly utilize the Rayleigh-Ritz method, an approximate expression for 
the unknown variable ºtw in generalized coordinates is required, which identically 
satisfies the geometric boundary conditions. Separating the variables, the following 





where a',,, (. v) and Y(i) are continuous and indefinitely differentiable functions. 
Wherever possible, it is recommended to use beam cigenfunctions that satisfy the 
töllowing orthogonality relations IM1ansfield, 19891: 
=0 pay =0 pay f A'/, (. V)Xq(. v)clr: 
f Y,, (x)Y, (x)di : (5.8) 
1:;, - 0 p=y :0 p=q 
In order to simplify the syntax of the expressions and be able to use one index only, 
the following vector is defined: 
X, Yi X, Y,..... X, Y,......... X' Y, X%fy, X%fy. %]r (5.9) 
f: yuation (5.7) can therefore be rewritten, more simply, as: 
ºt = ýn O, (x, l') (5.10) 
where it is straightforward to show that, if conditions in Equation (5.8) apply, the 
functions (f satisfy the following 2-dinmensional orthogonality relations: 
1f0, (x, º, )O , (x)ivdv : 
=o . (5.11) o 1=. i 
Equation (5.11 ) combined with the definition of functions X,,, (. Y) and Y(%) guarantee 
that every function defined inside the considered domain and fulfilling the same 
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essential boundary conditions as the panel, can be expressed as a linear combination 
of such eigenfunctions. If M and N are reasonably large integers, then the error 
induced when truncating the summation is negligible. 
Functions X;,, (. v) and Y(1') must be chosen on a case-by-case basis, depending on the 
actual boundary conditions. 
5.4 Eccentricity function 
The generalised Fourier series expansion of the neutral plane function in the mo- 
dimensional case is not straightforward and merits further consideration. Figure 5.3 
shows a qualitative example of the neutral plane variations (red lines) in the x and 
. 
t" 
directions corresponding to different panel sections 











Figure 5.3. Neutral plane functions (red) corresponding to different sections 
The boundary conditions related to the variation in the Y-direction (Section AA in 
Figure 5.3) do not show dependency upon the chosen location. It is straightforward to 
verify that translating the intersection plane upon which Section AA is taken, the 
corresponding boundary conditions for the neutral plane are null values and rotations 
at 1' =0 and .v=1, 
(ref. to Figure 5.2). Conversely, the boundary conditions related to 
the variation in the longitudinal (x) direction show significant dependency on the 
Section chosen. Section BB (Figure 5.3) intersects the skin only. Therefore the neutral 
plane function is constantly null. Section CC intersects a portion of the assembly that 
formally identical to what has been shown in Figure 4.2. In this case, the general 
boundary conditions for the eccentricity function are: 
at. v =1. r 
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ii. de/dx =0 at x =1T 
iii. No a-priori prescribed values for the eigenfunctions or its derivatives at 
x=0 
Finally, Section DD intersects a portion of the assembly characterised by a constant 
cross section. In this case the eccentricity is a constant function with prescribed values 
and null partial derivatives (with respect to x) at the two extremities x=0 and x= IC. 
Hence, a generalised Fourier series expansion of the same type as already chosen for 
the transverse displacement: 
z(x, v) e e(Y, y) -ýý ernn Ae 
(x)Y,,, (y) (5.12) 
mIn 
appears unsuitable to approximate the neutral plane function over the whole domain. 
A more suitable approximation would entail partitioning the entire domain S in a 
variety of sub-domains Sj, with each sub-domain characterised by specific boundary 
conditions related to the x direction, as shown in Figure 5.4. 
,r 
Figure 5.4. Domain partitioning 
If appropriate eigenfunctions XC "5, '(x) are chosen to approximate the eccentricity over 
each sub-domain, the following expansion ensures a better approximation: 
z(x, y) = e(x, y) = 
ýemit Xe (s')(X)Y, (Y)s; (X, Y) (5.13) 
71 m- 1 n=1 
where NS is the number of sub-domains and sj(x, y) are unitary step functions defined 
over each domain. However, several cases are available in the open literature, which 
can be used to justify the use of expansion (5.12). A very common case is the use of 
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Fourier series expansion to solve the problem of a rectangular plate, simply' supported 
along the edges and loaded by a uniform transverse load qo. This problem has been 
widely treated by several authors I"l'imoshenko, 1934 and 1940; Mansfield, 1989; 
Kollar and Springer, 1994; Reddy, 20041. To solve the elastic problem in closed 
form, the same coordinate functions (sine curves) are used to expand both the 
transverse displacement it- and the external load y,. These functions ensure null 
transverse displacements and free rotations on all the edges; nevertheless these 
boundary conditions do not apply to the load function, which is a constant and non- 
null function throughout the rectangular domain. However, it has been shown by all 
the authors that have treated this problem that the approximate solution converges to 
the exact solution very rapidly. 
In the present study, the same type of error is induced when expanding the 
eccentricity according to Equation (5.12). It was shown in Equation (4.26) that the 
inclusion of the eccentricity function in the variational statement generates an 
additional transverse load term. Approximating the eccentricity is thereibre formally 
equivalent to the approximation of an external load. If the load is satisfactorily 
captured by the Galerkin expansion (5.12). then it can he assumed that the 
approximate solution tends to the real solution. Hence, Equation (5.13) is 
unnecessarily complex and Equation (5.12) can be used as an effective alternative. 
To support the proposed simplification, and to show that Equation (5.12) is suitable 
for accurate approximations, regardless of the choice of the cigenfunctions, a simple 







Figure 5.5. Case study geometry. Dimensions in mm 
A 
86 
Material properties are given in Table 5.1. Stacking sequences are found in Table 5.2. 
The stacking sequences are not realistic and are hereby used with the purpose of 
validating the Galerkin expansion only. 
Table S_1_ Lamina nronerties 
Thickness 
Component EL [MPa] ET [MPa] GLT [MPa] VLT mm 
Stiffener 150000 8800 4800 0.35 0.2 
Skin 150000 8800 4800 0.35 0.2 
Table 5.2. Stacking seauences 
Component Stacking Sequence 
Stiffener 45/-45 
Skin 0/90 
To model the variation in the y-direction the Clamped-Clamped set was employed in 
all the cases. Three different sets of eigenfunctions were used to model the variation 
in the x direction: 
" Clamped - Free 
given by Equation (3.64): 
- x) r =1,2,...., MQ (5.14) X, (x)= 
17 ] 
" Clamped - Clamped 
given by Equation (3.66) 
Xe (x) = a,, +b,, x+c,,, sina,., x+d,., cosa,,; x =1,..., Me (5.15) 
" Simply Supported - Simply Supported (SS-SS) 
Xe (x) = sin hr 
xi 
=1,2,...., Me (5.16) 
The expansions were truncated at Me = 10 and Ne = 10. The x-wise variations 
corresponding to Section AA (Figure 5.5) obtained by means of Galerkin technique 
are compared with the exact values in Figure 5.6 
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u IU 2U 3U 40 50 60 70 80 90 100 
Span m 
Figure 5.6. Comparisons of approximate solutions and real eccentricity 
Results show that approximations are very similar and all fit well with real function. 
The use of Clamped-Free eigenfunctions ensures that plateau areas are better captured 
by the approximation technique. Notably, the Simply Supported - Simply Supported 
eigenfunctions are slightly more flexible than Clamped - Clamped cigenfünctions in 
the proximity of the left boundary, therefore provide a somewhat more accurate 
representation in the proximity of that area. To provide a global overview, three 
dimensional plots of the approximate eccentricity function are reported in Figures 5.7, 
5.8 and 5.9 for SS-SS, Clamped-Clamped and Clamped - Free cases respectively. 









Figure 5.7. Eccentricity function ( Clamped - Clamped eigenfunctions). 
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Figure 5.9. Eccentricity function (Clamped - Free eigenfunctions). 
As a general recommendation, the used of Clamped - Free eigenfunctions appears to 
provide better approximations. However, depending on circumstances, it could be 
convenient to use one set of eigenfunctions to expand both the transverse 
displacements and the eccentricity. Preliminary results show that this is possible at 
least in the cases in which the boundary conditions associated to the transverse 
displacements match the assessed ones. 
Once the coordinate functions have been appropriately chosen, the Galerkin technique 
can be effected by following the procedure outlined in Section 3.5, thus resulting in 
the following expansion for the eccentricity approximate function: 
e(x, y) =Ie, 0,, (x, y) (5.17) 
where, for convenience, the following vector is defined: 
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y 
20 <o X 20 
X,. Y,,, (5.18) (1)(e) = Xe. Ye. .... Xe. Yr v. 





The coefficients e3 are calculated by inverting the following equation: 
Z= Ke (5.19) 
where 
[Z]1= J JO(e) (x, y)z, (x, y)dxdy (5.20) 00 
r, 1, 
[K]3 
=f fO (x, Y)O; 
e)(x, y)dxdy (5.21) 
00 
T () e= e>>ez.., eM, XN, 
] 5.22 
5.5 Problem discretisation 
Substituting expansions (5.10) and (5.17) in the variational statements (5.4), (5.5) and 
(5.6), the total potential 11 is expressed as a2 "d order polynomial of the MxN 
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0. (Y, ) wiel + 
1: 
00 1=1 j=1 i=1 r1 i=1 j=t 
Mx NM, xN 
+jy Ie, eI 
dxdy (5.24) 
=1 j=i 
ri 11 MxN 
QQ =-$ f q(x, y)qs, w, dxdy (5.25) 
00 +_ý 
The principle of virtual displacement, expressed in the Rayleigh-Ritz form, states that: 
all 
=0, Vi=1...... MxN (5.26) äw, 
90 
Equations (5.23), (5.24) and (5.25) are now substituted into Equation (5.26) with the 
result differentiated with respect to w;. Algebraic manipulations result in a linear 
system of MxN equations in the MxN unknowns w, that can be compacted in a form 
that is formally equivalent to the one-dimensional case: 
[G + H]W =Q- He (4.26) 
where the vector Q and the matrices G, H and H are defined, in the two- 
dimensional case, as follows: 
1ý 1, 
Q, =J Jqo dxdy (5.27) 0O 
1 ix 
it 
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v (5.30) l , Y, i x 
The matrix (G+H) represents the stiffness matrix of the two-dimensional discretised 
system. It is symmetric since both matrices (G and H) are symmetric. It is not, in 
general, a diagonal matrix, since H is typically fully populated. 
Again, two different load terms are present in the governing equation, which are able 
to induce transverse displacements. One load term is represented by the vector Q of 
the spectral decomposition of the external transverse load q(x, y). The second load 
term is represented by a matrix, namely H, multiplied by the vector e (which was 
previously calculated by means of the Galerkin technique). 
Notably, both H and H matrices are linear functions of the amplitude of the external 
loads NXo, Nyo and Nyo. 
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It is also interesting to observe that H is in general not a square matrix. By definition, 
the H matrix is characterised by MxN rows and Al,, x N,, columns. It reduces to a 
square matrix only if same number of terms is used to expand both the eccentricity 
function e and the displacement function ir. 
The system described by Equation (4.26) is invertible and yields the MMiN coefficients 
iv, which will completely describe the state of stress and strain throughout the 
domain: 
(4.33) 
Remarkably, if the sane cigcnfunctions are chosen to expand both ºº' and e, the 
H matrix reduces to the H matrix, thus simplifying the compact representation and 
reducing the computational effort: 
W=[C+[i]'[Q-He] (5.31) 
5.6 Model validation 
In order to validate the accuracy of the present model, three coil tigurations were 
initially analyzed, referred to as light, medium and heavy respectively. Results were 
compared with non-linear finite element analyses using ABAQUS 120041. Virtual 
specimens are briefly sketched in Figure 5.10 below. 
1.46 
HI Light ý'T ypV 
A) General specimen conflgnraton 
Clamped 
2.0' 
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------` 1.96 
300 _ _. _.. __. _.. _. _., 
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Figure 5.10. Virtual specimens. Dimensions in mm 
Continuum shell elements (CH8R) were used to model each lamina and a layer made 
of cohesive elements (COH3D8) was placed between the upper surface of the skin 
and the lower surface of the foot to simulate the bond-line. Comparisons in terns of 
predicted crack initiation loads are not reported in this section and can be found in 
Chapter 7, where the LEFM submodel is introduced and validated. 
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The thickness of the cohesive layer was set to 0.1 mm. Details of mesh size are 
provided in Figure 5.11B. Values of bending moment are taken from the centroids of 
the elements (output as Section Moment) and are situated 0.5 mm from the stiffener 
edge (bond line) according to Section C-C in Figure 5.11A. The mechanical 
properties used for each lamina (Talei and Kitagawa, 19951 are listed in Table 5.3. 
Details of stacking sequences used to simulate the light, medium, and heavy 
configurations respectively, are given in Tables 5.4,5.5 and 5.6 respectively. The 
stacking sequences were chosen in an arbitrary manner and are not representative of 
flying configurations. The specimens were assumed to be clamped on all the four 
edges and loaded with a uniformly distributed load in the transverse z-direction. 
The adopted coordinate functions for both the transverse displacement and the 
eccentricity are given by Equations (4.15), (4.17) and (4.19) and were used to 
approximate the variables in both the x and y directions. Generalised Fourier series 
expansions were truncated at M=N= Me = Ne =10. 
Table 5.3. Material nrooerties for Toho O-C133 lamina 
Property Symbol Dimension Value 
Longitudinal elastic modulus EL GPa 162 
Transverse elastic Modulus ET GPa 8.8 
In-plane shear modulus GLT GPa 4.5 
Major Poisson's ratio ttT --- 0.35 
Nominal ply thickness t mm 0.148 




Upper flange [90/45/-45/0/0/0/0/-45/45/90] 
Foot [90/45/-45/0/0] 
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Upper flange [90/45/-45/0/0/45/0/0/45/0/0/-45/45/90] 
Foot [90/45/-45/0/0/45/0] 
Table 5.6. Stackine sequences for heavy configuration 
Configuration Heavy 
Skin [0/90/45/-45]5s 
Web [90/45/-45/0/0/0, /0/-45/45/90]5 
Upper flange [90/45/-45/0/0/0/0/-45/45/90]s 
Foot [90/45/-45/0/0]s 
The global accuracy of the method was validated by comparing the simulation with 
the FEM responses, in terms of out of plane deflections and interface peeling 
moments. Figure 5.11 A below shows the locations used for comparison purposes. 
II 
Figure 5.11. Compared sections (A) and mesh details (B) at the bond-line. 
Dimensions in mm 
The out-of-plane displacements along section lines AA and BB are compared for 
Light, Medium, and Heavy configurations in Figures 5.12,5.13 and 5.14 respectively, 
for a transverse load equal to 0.01 MPa. 
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Figure 5.12. Out of plane displacements for light configuration 
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Figure 5.14. Out of plane displacements for heavy configuration 
It is observed that the predicted x-wise out of plane displacements fit fairly well with 
the FEM responses. The chord-wise (y) displacements comparisons show that the 
present model is slightly stiffer than the FEM. This is more evident in the central 
region where the stringer lays over the skin. The local mismatch might be due to the 
technique used to condense the stringer's properties over the skin. More sophisticated 
techniques could be proposed in order to simulate the presence of the part of the 




50 im im 
the present study. However, the excess of stiffness causes the predicted peeling 
moments in the overlap side of the co-cured interface (Figure 5-11A) to be slightly 
over-estimated by the analytical model. As a consequence, results tend to be 
conservative, as shown in Figures 5.15,5.16 and 5.17, where peeling moments are 
compared at the skin-side (Figure 5.11, section CC) and at the overlap-side (Figure 
5.11, section C'C'). The non-linearity and the anisotropy of the stacking sequences 
can trigger in-plane membrane loads, which combined with the local eccentricity, 
cause a discontinuity of the bending moments at the skin/foot interface, with an abrupt 
increment that equals the in-plane membrane load Ny multiplied by the eccentricity 
(Figure 5.18). This cannot be properly captured by the analytical model, which is 
based on eigenfunctions, which are continuous and indefinitely differentiable. There 
are no discontinuities of curvatures locally; hence the only abrupt variation of peeling 
moment is due to the discontinuity of section properties (matrices A, B and D). As 
visible in Figures 5.15,5.16 and 5.17, FEM analysis predicts local maxima of bending 
moments close to the clamped boundaries (x = 0, x= lx). This discrepancy is 
attributed to the induced torsion on the stringer and is not captured by the current 
method. Figure 5.19 shows the induced torsion due to the eccentricity d of the shear 
centre. The uneven behaviour can appreciably affect the stress field in the proximity 
of the boundary, especially in non-linear regimes. However, for all the examined 
cases, the maximum moment is registered in the middle of the bay, and both the FEM 
and the analytical analyses predict the initial failure to occur at a span coordinate x 
approximately equal to 4/2, in the region where the method fits fairly well with the 
FEM responses (see Chapter 7). Therefore, the results are believed to be reliable and 
representative of the real failure mechanism. 
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Figure 5.15. Compared interface peeling moments My for Light configuration 
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Figure 5.17. Compared interface peeling moments 11y for Heavy configuration 
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Figure 5.19. Induced torsion on the stringer 
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Figure 5.20 shows a second type of stiffened plate, with a symmetric stringer, which 
was modelled and virtually tested. Three configurations were again virtually tested 
with ABAQUS and results were compared with analytical predictions. Global 
geometry, material, stacking sequences and thicknesses are the same as the ones 
reported in Tables 5.3,5.4,5.5 and 5.6. The only difference is the symmetry of the 
upper flange with respect to the web. This dissimilarity cannot be captured by the 
method used to condense the stringer properties over the skin, therefore analytical 
calculations do not change. 
Clamped 
200 
Figure 5.20. Symmetrical virtual specimen. Dimensions in mm. 
Peeling moments in the proximity of the bond-line (Fiýcure 5. II A) are compared in 
Figures 5.21,5.22 and 5.23. FEM and analytical predictions agree much better than 
for the asymmetric upper flange considered previously. As such, the induced torsion 
does appear to be cause of discrepancy of results predicted for the asymmetric flange. 
Section CC - Skin side , 
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Figure 5.21. Compared interface peeling moments My for symmetric Light 
configuration 
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Figure 5.22. Compared interface peeling moments m, for symmetric Medium 
configuration 
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Figure 5.23. Compared interface peeling moments My for symmetric Heavy 
configuration 
A further study is now undertaken to examine the effect of boundary conditions and 
coordinate functions. Simply supported edges are considered in Figure 5.24 and FEM 
simulations are once again compared with analytical predictions. 
The adopted coordinate functions for both ti, and c are the solutions of Euler's column 
buckling for a simply supported beam [Timoshenko and Gere, 19611: 
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ý, ' supported 
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- 400 
Figure 5.24. Simply supported specimens geometry. Dimensions in nom. 
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The out of plane displacement were compared and results are reported in Figures 
5.25,5.26 and 5.27. Again, Figure 5.1 1. A shows the location used for comparisons. 
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Figure 5.25. Out of plane displacements for sirnpi. supportea Light 
configuration 
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Figure 5.26. Out of plane displacements for simply supported Medium 
configuration 
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Figure 5.27. Out of plane displacements for simply supported lleav ý 
configuration 
41 11 
The predicted x-wise out of plane displacements fit the FF-, 'M responses quite closely. 
The chord-wise (v) displacements comparisons show that the model is able to 
effectively capture the effect of the stiffener, particularly in the central region where 
the stringer lays over the skin. 
100 
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5.7 Preliminary conclusions 
A novel approach based on a combination of the Rayleigh-Ritz method and the 
Galerkin technique was validated against advanced FEM analysis. The Galerkin 
technique revealed itself to be useful in order to express the eccentricity of the neutral 
plane as a superposition of the same eigenfunctions used in the Rayleigh-Ritz method. 
This allows treatment of the eccentricity as an initial moderately small perturbation 
and expressing it by means of the same basis functions, thus simplifies the final 
compact form. The approach typically works well for stiffened panels with symmetric 
stiffeners for which there is an abrupt run-out. For these cases the present approach 
allows simulation of large panels with several stringers and different skin thicknesses 
in a reasonably fast way, potentially reducing the level of conservatism and improving 
the global weight saving. The computational effort associated with the analytical 
approach is almost negligible. For a considerably high number of terms used to 
approximate the displacement (ten in each direction), the total calculation time was 
less that 10 sec. If the analysis is applied to calculate deformed shapes only (i. e. to 
derive out of plane displacements in upper and lower wing covers for aerodynamics 
constraints studies), the number of terms that guarantee the convergence is 
significantly lower [Reddy, 19761 and solutions are obtainable in much lower CPU 
times. This study partly validates the approach and shows that it is suitable for the 
stage of preliminary structural design, when a significant amount of load-cases have 
to be assessed and high computational efficiency is required. 
The effect of two different sets of boundary conditions was assessed. Results appear 
to be slightly more accurate in the case of simply supported edges. This result is in 
line with Figure 5.6, which shows that simply supported eigenfunctions approximate 
abrupt variations moderately better at the boundaries. 
One limitation of the present approach is the assumption that the in-plane loads are 
uniform throughout the domain and equal to their boundary values. Two refined 
approaches are presented in the next Chapter that model the in-plane load 
redistribution that take place in panels with stringer run-outs. 
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6. Refined two-dimensional non-linear models 
The meshless approach presented in Chapter 5 assumes a constant distribution of 
internal in plane loads throughout the panel. In reality, the presence of discontinuous 
stringers generates significant loads redistribution that can affect the accuracy of the 
solution. The aim of the present Chapter is to develop a meshless approach that 
includes the effect of discontinuous stringer on the in plane load distribution. Two 
refined meshless approaches are presented: a refined meshless approach for 
symmetrical configurations and a refined meshless approach for unsymmetrical 
configurations. Two uncoupled linear differential equations govern the in plane 
compatibility and the transverse equilibrium of symmetrical configurations. 
Conversely, the lack of symmetry causes the two equations to be coupled in a 
nonlinear manner. Therefore a quasi nonlinear algorithm was developed and 
validated to solve the unsymmetrical case. 
6.1 A refined two-dimensional approximate nonlinear model 
for symmetrical configurations 
6.1.1 Introduction 
The purpose of the present chapter is to establish a refined methodology to predict 
static structural response of symmetrically laminated composite stiffened panels with 
stringer run-outs. 
The main limitation of the model exposed in Chapter 5 is that the presence of a 
stiffener terminated somewhere within the bay does not affect the in-plane loads 
distribution. In-plane loads are therefore assumed constant throughout the domain. 
Their values are determined as functions of the boundary conditions, in such a manner 
that their distribution does not depend upon the inner structural configuration. 
In reality, the structural behaviour of such panels is influenced by the internal stiffness 
distribution, which can vary in an abrupt manner. The present purpose is to establish a 
fast, robust, and sufficiently accurate methodology to predict displacement and stress 
fields throughout the entire domain of composite skin/stiffeners assemblies in the pre- 
buckling regime. It is intended to provide aerospace designers with a rapid method 
that can be used in the preliminary sizing phase, when the need for analyzing 
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hundreds of load cases within restricted timescales requires very low computational 
expenses. Therefore, a number of simplifying assumptions will be taken to abridge the 
number of equations and variables involved in the calculation. 
6.1.2 Variational statement 
Expand the transverse displacement and the eccentricity functions in generalized 
Fourier series according to Equations (5.10) and (5.17): 
(5.10) ti, w _ i', 0, (X, -), 
) 
ýe, 0E., (x> v) (5.17) 
The contributions to the total potential iI due to internal energy (U) and transverse 
load (52c, ) are expressed by Equations (5.23) and (5.25), respectively, are 
+2D'12 0,.,.,.; 
20 . ;. 
+4D'i(, q5,,,., O, 
., 
+4D"260,,,., 0,,,., ) ', w, dxdy (5.23) 
JJ q(x, y)O, ºr, dvdy (5.25) 
(10 , -1 
To appropriately represent the effect of in-plane loads redistribution, an Airy stress 
function 
. 
f2 is introduced in accordance with Equations (3.22): 
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To apply the principle of virtual displacements (5.26) and correctly exploit the 
Rayleigh-Ritz method, one must be able to integrate Equation (6.2). This can only be 
achieved if the stress function (2 is known at each point in the domain. 
6.1.3 Airy stress function 
To analytically determine an expression for the Airy stress function £2, a two-step 
approach is implemented. Applying the principle of superposition, the Airy stress 
function is assumed to consist of two different components: 
1. a first component, indicated as IF, which satisfies the in-plane equilibrium 
and the boundary conditions. This component is derived analytically following 
[Timoshenko, 19341. It also satisfies the compatibility equation of an 
auxiliary isotropic panel, having same geometry, external loads and boundary 
conditions as the actual composite panel. This auxiliary stress function 
consists of a summation of two components: 
y/e = V/o + AV (6.3) 
One component, yio, fulfils the equilibrium and boundary conditions of the 
skin only. The other component, AV/, satisfies the perturbation to the stress 
field due to the stiffener. 
2. Since the equilibrium and boundary conditions are independent of the nature 
of the actual structure, Ye alone satisfies the equilibrium and boundary 
conditions of the composite structure. It is not suitable to satisfy the 
compatibility condition (3.28) since this depends on the constitutive relations 
governing the actual material. Therefore an additional component, Y'',, is 
needed, which ensures that the resultant Airy stress function: 
f, =We+V, (6.4) 
satisfies the compatibility equation. Since the boundary conditions are already 
satisfied by V, the additional component must fulfil the boundary conditions 
in homogeneous form, i. e. must guarantee null (or averagely null) boundary 
conditions. 
To summarise, Equation (6.4) shows that two different contributions compose the 
Airy stress function. One, YQ, which is responsible for satisfying equilibrium and 
boundary conditions and is therefore referred to as equilibrium stress function. The 
other, Y%, which represents a perturbation due to the anisotropic nature of the actual 
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material. It guarantees the fulfilment of the compatibility equation without affecting 
the boundary conditions. This component is referred to as compatibility stress 
function. 
To calculate the equilibrium stress function, let its consider the auxiliary isotropic 
panel depicted in Figure 6.1. The panel consists of a skin (light gray area) and a 
reinforcement stiffener (dark gray area). 
1 








Figure 6.1. Reinforced panel loaded by a constant axial load (A) at the free edge, 
and by generalized Fourier series components of loads (B). Uniform loading (C). 
Reinforcement perturbation (D). The first component of Fourier series 
expansion is shown for illustrative purposes only. 
The panel is loaded by a constant axial load N,,, I acting upon the free edge (. v = l, ). If 
an axial constraint acts on the opposite edge (x = 0), the axial load distribution 
(reaction) is on that edge is, in general, not uniform. The curve depicted in Figure 
6. LA shows a potential N, -,,,, 
distribution on the edge x=0. A probable peak in the 
region of the reinforced area is expected. 
The magnitude of the peak load mostly depends on the axial stiffness ratio between 
the skin and the stiffener, and on the dimensions of the stiffener. Typically, if the 
stiffener free tip is sufficiently far from the edge .v=0, we can assume that the 
local 
axial load transfer from the skin to the skin-patch region is complete (Hart-Smith, 
19821. Therefore the load is introduced in the skin-stiffener section proportionally to 
the local-to-global axial stiffness ratio. In what follows, the boundary conditions are 
assumed to be known. Rationales for the calculation of boundary conditions on the 
edge x-0 are provided in Appendix D. 
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If the distribution of N, (),,, along the edge x=0 is known, both and N, (,. r can he 
expanded in Fourier series: 
N An sin(a ýýý .NB sin(a ý'ý 16. 
ßa, h) so , =O n_ ru i. _ n n. 
n=1 01 
The two series expansions are generally different if compared term by term (Figure 
6.1 B), but since the global equilibrium is satisfied (see Appendix I)), the following x- 
wise global equilibrium condition holds true: 
JA,, sin(a,,. i') _ 
J/3 
sin(a_i') (6.6) 
Since the coefficients B represent the Fourier's expansion of the constant in-plane 
stress applied on the edge x=I, using the principle of superposition two stress fields 
can be identified. These are: 
1. a constant axial stress field equal to the constant axial load N,,,,, acting upon 
the free edge x =1, (Figure 6.1. C). 
2. a perturbation AN, x=N,, j -N,,,,, caused by the presence of the reinforcement 
and acting as an external load on the constrained edge. This can he expressed 
by applying the difference between homologue components, namely A II-811' 
on the edge x=0 (Figure 6.1. D). This perturbation is expressed by a 
summation of non-null components. However, Equation (6.6) guarantees that 
the resultant of the summation equals zero. Therefore nullity the total load 
does not need to be reacted by the opposite edge. 
The first stress field is constant and represents a uniform loading condition; therefore 
it is equilibrated and compatible. This stress field is completely described by 
introducing the stress function f: 
Wo = F, N, o. / + F,.,. N,, () + V, N, u (6.7) 
where r, , r,., and F, are the circulation 
functions IJaunkv- et al., 19951 defined as: 
F1 =( 1 '-11 
)2 rx =-(X-1, xy-11 ), r (x - l' ), (6.8a, h. C) 
The second stress field represents the boundary perturbation introduced by the 
presence of the reinforcement. A general solution in terms of stress function was 
found by Timoshenko and Goodier 119821: 
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N* N* 
Ayr = EDyr =1] sin(ay)f(x) (6.9) 
n=1 n=1 
where a = n; zx/Ix and the x-wise function f (x) is in the form: 
f (x) = cl cosh(ax) + c2 sinh(ax) 
+ c3nxcosh(anx) + c4, xsinh(ax) (6.10) 
Applying appropriate boundary conditions, the coefficients of integration are obtained 
as: 
cln = Al, (An - Bn) (6.11 a) 
c2n = 22n (An - Bný (6.1 lb) 
C3n =23n(An -Bn) (6.11c) 
C4n = 24n 
(An 








2n =3 (6.12b) Ixan 
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w2i =(sin(a)-lxa cos(a))w1 +lX sin(an) (6.13b) 
Using the principle of superposition, the resultant equilibrium stress function is: 
N* 
VQ = SVO + 2: AVn (6.14) 
n=1 
This function satisfies the following biharmonic equation: 









Equation (6.15) is the expression of the compatibility condition for isotropic plates 
[Timoshenko and Goodier, 19821, in which the in-plane equilibrium is satisfied by 
definition because of the properties (3.22) of the stress function used. Y'', represents a 
particular solution of the isotropic elastic problem. As such, it does not satisfy the 
compatibility equation (3.28). 
In order to enforce the compatibility condition, a supplementary stress function 'v is 
superposed, which takes in to account the perturbation introduced by the intrinsic 
material anisotropy. This additional stress function must guarantee that the resultant 
stress function f2: 
f2 _V/Q+Wc (6.16) 
satisfies the compatibility equation (3.28). 
Consider the following function: 
N 
we =ý Tc =l ýn%n (x, y) =l ýn sin(L7ny)gn (x) (6.17) 
n=1 n=1 n=I 
where 4 are unknown coefficients and the x-wise functions f,, (x) are in the form: 
g (x) = g,  cosh(ax) + gZ sinh(ax) + g, x cosh(ax) 







This function satisfies the requirement of null boundary conditions [Timoshenko, 
19341 on condition that coefficients gj,,, $a,,, gjn, and g4i can be calculated from Eqs. 
(6.11), (6.12) and (6.13) by ensuring the null loading condition is satisfied by setting 
A,, =1 and B = -1, and then substituting gi,,, g2n, g3,,, and g4i for c f,,, c2,,, Cj, and CO, 
respectively. The coefficient gs was introduced to enforce nullity at edges x=0 and x 
=1X. 
The unknown coefficients ý are calculated by enforcing the fulfilment of the 
compatibility condition in a Petrov-Galerkin sense. Under the assumption of 
symmetrical behaviour, the compatibility Equation (3.28) reads: 
a2 (- A16n, 
XY 
)+ 
8x 1AI2f2, yv 








Differentiation and re-ordering gives: 
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Substituting Equation (6.16) in Equation (6.21) and carrying out the differentiations, 
then after algebraic manipulations the following compact form is obtained: 
_-1L (6.22) 
where: 
4_ ý2 ,.... 
ý, ] (6.23) 
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The weight functions employed are: 
o, `) (x, y) = y/' (x, y) + q, (x, y) (6.27) 
The components of vector L are computed once the equilibrium stress function VI, is 
derived. They are functions of the external loads N., Ny, and Nxy, and act as load terms 
in Equation (6.22). 
Notably, the components of the reduced in-plane compliance matrix A* appear in 
differential form. Due to abrupt changes in geometry, the components A*ý are 
generally discontinuous functions that cannot be differentiated in a continuous and 
closed form. To obtain continuous and differentiable approximations for such 
components, a Galerkin technique is employed to express such components as 
generalized Fourier series: 
MQxNe 
AU = &s + aU kokeý (6.28) 
k=1 
where Äß, S are the components of the 
in-plane compliance matrix of the skin and O 
are the same coordinate functions already used for the eccentricity. Expansion (6.28) 
schematises the components Ay as a sum of a constant term (skin) that satisfies the 
homogeneous boundary equation (see Equation (3.43) in Section 3.5) plus a 
summation that takes into account the perturbation introduced by the presence of the 
stiffeners. 
6.1.4 Problem discretisation 
The determination of an analytical expression for the total Airy stress function S2 
allows the application of the principle of virtual displacements (6.4). The Rayleigh- 
Ritz method can then be applied by differentiating Equations (5.23), (5.25) and (6.2) 
with respect to the unknown coefficients wi and subsequently integrating over the 
domain. As a results a compact form, which is formally identical to the form derived 
in Chapters 4 and 5, is originated: 
[G + H]W =Q- He (4.26) 
where the vectors e and Q, and the matrix G are given by Equations (5.22), (5.27) and 
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The properties of matrices G, H and H have already been discussed in Chapter 5. 
The linear system of algebraic equations (4.26) governing the elastic problem can be 
inverted and solutions are given according to Equation (4.33), conveniently reported 
below: 
W=[G+HJ'[Q-He] (4.33) 
6.1.5 Model validation. In-plane stress field 
A composite assembled panel (Figure 6.2A) consisting of a square skin and a 
rectangular reinforcement (patch) was analyzed in order to compare and validate the 
present analysis against FEM. The in-plane stress field calculated by means of the 
proposed analytical solution was first compared with finite element response. In-plane 
normal forces arising along the sections indicated in Figure 6.2A were compared for 
two different load-cases. The finite element simulation was done using ABAQUS. 
After preliminary convergence analyses, the domain was discretised by means of 
quadratic quadrilateral elements (S8R). Each square has 2 mm edge length (Figure 
6.3). An offset was assigned to all the elements that represent the skin-reinforcement 
overlap region. The offset equals the difference of the two x-wise neutral planes, 
overlap and skin regions, respectively. Material properties and geometrical parameters 
are reported in Tables 6.1 and 6.2, respectively. Stacking sequences are reported in 
Table 6.3. Given the aim of the present validation, the stacking sequences chosen are 
arbitrary and not based on `good design' rules. The enforced boundary conditions are 
summarized in Table 6.4. The following sets of functions were employed to model the 
compatibility stress function Y'c and the eccentricity e: 
X, '`l = g,, (x) , Y(`' = sin 
(a,, y) (6.32a, b) 
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cos 
iß(21- xý X/("' = sin(a tv) (6.33a, b) 
where g,, (x) and a are given by Equations (6.18) and (6.19) respectively. 
The same set of cigenfunctions is used to model both the eccentricity and the 
components A*;; of the in-plane compliance matrix. A total number of 10 
eigenfunctions for each co-ordinate were employed to expand the supplementary 
stress function and A*;. Similarly, 10 functions were used to calculate and express the 
equilibrium stress function yre 
The first comparison was carried out by imposing a negative unitary axial 
displacement to the edge c (Figure 6.4. A). Edges b and d are free to displace in the v- 
direction. Analytical and FEM results are reported in Figure 6.5. Boundary 
conditions are indicated in Table 6.4. For the second load-case, a negative unit axial 
displacement was again enforced to edge h, but this time the y-wise displacements 









Figure 6.2. Reinforced panel. Geometry (A) and plant view (B) 












Figure 6.4. Load cases. Pure compression (A) and hi-axial compression (B) 
T., h1, ý (. 11 nminn nrnnerties 
Component El, I11Pal E-1 IMPal Gi, T I\lPal vi, r- Thickness Imml 
Patch 150000 8800 4800 0.35 0.2 
Skin 150000 8800 4800 0.35 0.2 
Týhlo 7 f: Pnmitriral narameters 
I, Immi Imml Ip Immi b Immi 
l00 100 40 20 
Tnhln fý 2 Ctackina crvnnpnces 
Configuration Component Stacking Sequence 
Patch [0/90/45/-45]s 
2 Skin [0/90]s 
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Table 6.4. Boundary conditions 
Degrees of Freedom 
Edge ux uy A gay W 
a Restrained Restrained Free - Restrained 
Load case A 
b Free Free - Free Restrained 
c Free Restrained Free - Restrained 
d Free Free - Free Restrained 
a Restrained Restrained Free - Restrained 
Load case B 
b Free Restrained - Free Restrained 
c Free Restrained Free - Restrained 
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Figure 6.5. Load case A. In-plane stress resultant correlation. Sections AA and 
BB (left), Section CC (right) 
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Figure 6.6. Load case B. In-plane stress resultant correlation. Sections AA and 
BB (left), Section CC and DD (right) 
Correlation between FEM and the proposed analytical model is generally good for 
both cases. The overlap region is characterised by a considerable amount of in-plane 
axial load Nx, significantly larger than the far field applied load. Conversely, a 
noteworthy decrease of the axial load is observed in the portions of the skin that are 
adjacent to the reinforcement. This result is approximately predicted by assuming that 
the axial strains and displacements do not vary y-wise (Appendix D), and is confirmed 
by finite element results. 
Furthermore, it must be highlighted that the predicted axial load transfer at the 
reinforcement tip is slightly smoother than the transfer calculated by finite element 
analysis. This is mostly caused by the generalized Fourier series expansion used to 
model both the compatibility stress function Y and the components of the in-plane 
flexibility A*, J and their partial derivatives. 
Examples of deformed shapes calculated analytically and by FEM are provided in 
Figure 6.7 Comparisons with FEM show that the shapes are adequately captured by 





Figure 6.7. Deformed shapes under pure compression. Analytical (A) and FEM 
(B) 
6.1.6 Preliminary conclusions 
The model presented in Section 6.1 provides reasonably accurate preliminary results. 
Despite the apparent complexity, the modelling of the in-plane load redistribution can 
be readily implemented in user friendly softwares and does not implies significant 
additional computational effort if compared with the two-dimensional model 
presented in Chapter 5. However, two limitations are recognised: 
" The model is able to approximate symmetrical configurations only 
" The in-plane load redistribution is generated by solving a linearized form of the 
compatibility Equation (3.28) 
To overcome these limitations, a more refined model was developed and will be 
introduced in the following section. 
6.2 A refined two-dimensional approximate nonlinear model 
for unsymmetrical configurations 
6.2.1 Introduction 
The purpose of the present Section is to establish a more refined methodology to 
predict static structural response of unsymmetrically laminated composite stiffened 
panels with stringer run-out. 
To overcome the main limitations of the model exposed in Section 6.1, the general 
non-linear form of the compatibility equation (3.28) is considered. The subsequent 
variational statement generates a system of non-linear coupled algebraic equations. 
An iterative algorithm is proposed to calculate the stress and strains at each point of 
the domain for a generic magnitude of the external in-plane loads. Various 
comparisons with the symmetrical model developed in the previous section are 
presented in the following Sections. 
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6.2.2 Variational statement 
Expanding the transverse displacement and the eccentricity functions in generalized 
Fourier series according to Equations (5.10) and (5.17): 
. 
11x. V 
vt'_ 2: v', 0, (X, Y) (5.10) 
e(x, Y) = je, 0 (x, v) (5.17) 
-, 
The contributions to the total potential II due to internal energy (U) and transverse 
load (. Q1c, ) are expressed by Equations (5.23) and (5.25) respectively: 
To appropriately represent the effect of in-plane loads redistribution, an Airy stress 
function 
. 
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The potential O of in-lane loads is formally expressed by Equation (6.2): 
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dxdy (6.2) 
6.2.3 Problem discretisation 
The Rayleigh-Ritz method can then be applied by differentiating Equations (5.23), 
(5.25) and (6.2) with respect to the unknown coefficients w; and subsequently 
integrating over the domain. As a results a compact form, which is formally identical 
to the form derived in Chapter 5 and Section 6.2 is obtained: 
[G+H]W=Q-He (4.26) 
where the vectors e andQ , and the matrix 
G are given by Equations (5.22), (5.27) and 
(5.28) respectively. Matrices H and H are defined by Equations (6.29) and (6.30). 
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To calculate the components of matrices H and H an analytical expression for the 
Airy stress function is needed. To comply with the assumption of unsymmetrical lay- 
up, an improved expression of the Airy stress function Cl must be derived. 
6.2.4 Airy stress function 
To analytically determine an expression for the Airy stress function £2, we employ the 
same general solution found in Section 6.1.3: 
n= We +Z 4 sin(an y)gn (x) (6.34) 
n=1 
To determine the unknown coefficients ,,, the general non-linear form of the 
compatibility equation must be considered [Mansfield, 19891: 
2 
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Differentiating and re-ordering gives: 
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(6.36) 
In order to solve Equation (6.36) similar expansions are required for the eccentricity e 
and the components of A* and B* matrices. Suitable expressions for the components 
of the reduced compliance A; were found in Section 6.1.3. Same expressions can be 
used for the components of B* matrix: 
MxN, 






Bý; =B* s+b,;, kOk k 
(6.37) 
k=1 
Substituting expressions (5.10) and (6.34) in Equation (6.36) and carrying out the 
differentiations, after algebraic manipulations we obtain: 
M, xN, MxN 
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Lx = -lA, *,. ri + 










Equation (6.38) is transformed in to a linear system of NN equations in N, +MxN 
variables by utilizing a Galerkin technique. This is done by prioritizing the stress 
function, i. e. by multiplying each side of the equation by the compatibility coordinate 
functions qk that are chosen as weight functions. Subsequently the zero component of 
error condition on each weight function is enforced. The final set of equations in 
compact form is: 
Lý4 +L .w= L4 + L. No. r + LxyN., vo +L yNyo 
(6.43) 
where the components of matrices Lý and L. and vectors L, L, L. n., and L 
are: 
IY lx (Lýý, 
ý =j 
jrl, L., dxdy (6.44a) 
00 
IY ix (Lw),, 
=J fl, 
L,, dxdy (6.44b) 
00 
IY lx 
Le, =jfi Lxdxdy (6.44c) 
00 
IY ix 
Lx, =Jf ii1Lxdxdy (6.44d) 
00 
IY lx 
Lam, =jf gjL, dxdy (6.44e) 
0U 
Ly, -J Jrl, 
Lydxdy (6.440 
0O 
The perturbation stress function (A Y'), the natural boundary conditions (NY& N O), and 
the axial load boundary condition on the edge x= lx (Nxo,, ), act as load terms in 
Equation (6.43). 
Notably, the non-linear term involving the double summation in Equation (6.38) is not 
present in the Galerkin form (6.43). This is a consequence of the integration over the 
entire domain of the non-linear term x21 w, wyy. If all the edges of the panel lay on 
the same plane, it can be demonstrated that the integral of this quantity calculated 
over the entire domain equates zero [Reddy, 20041. 
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6.2.5 Governing equations and solution strategy 
The compact form (6.43) of the discretised compatibility equation represents a linear 
system of NN equations in NN + MX N unknowns, namely coefficients ; and w;. As 
such it cannot be solved unless in conjunction with the compact Rayleigh-Ritz form 
(4.26) of the discretised variational statement. These two compact equations: 
Lý4+L, w = Le +LXNsol +L No +L, Nyo (6.43) 
[G + H]W =Q --He (4.26) 
represent a system of NN + MXN coupled non-linear equations in the NN + MxN 
unknowns ý; and wj. The non-linearity is only present in Equation (4.26) since the 
non-linear term in Equation 
To solve Equations (4.26) and (6.43) by means of a simplified algorithm, an important 
consideration can be done on the vector Lww. . This vector 
is null or negligible in the 
following two cases: 
a. symmetrical configurations 
b. very small transverse displacements 
In reality, symmetrical configurations are rarely achieved due the local non- 
symmetric nature of the stiffener upon skin. For non-symmetrical configurations the 
components B; of the coupling stiffness matrix could be large. Hence, the product 
L, w might be sufficiently large to affect the in-plane load distribution, even in the 
linear regime. This effect could be more significant for thin configurations (such as 
skin/stringer assemblies employed in vertical and horizontal tail planes), in which the 
eccentricity due to the stiffeners enforces a transverse displacement field, which is 
prominent in unbuckled regimes. However, it becomes less important in thick 
sectioned stiffened panels, where transverse displacements are sensibly smaller in 
magnitude. Focusing on thick configurations, if only in-plane loads of small 
magnitude are acting, the term L,, w becomes negligible and the laminate's structural 
response can be approximated with the symmetric model, in which the total stress 
function 1 is well approximated by the equilibrium stress function Ye . To facilitate a 
rapid solution, an iterative scheme using the method of successive approximations, 
sequentially between compatibility and equilibrium, is adopted. 
Let us assume that the magnitude of the in-plane loads is ifxo, I N Yo and 11 X, 0. Let us 
assume a load pathway (from the zero load condition to the final values 1Pxo,,, N1 'yo 
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and NFo) that is characterised by fixed ratios between the three in-plane loads, so that 
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If the pathway is discretised in a finite number Np of reasonably small load steps from 








P F NxvOk N. 
rio, ý 
where the subscript k is used to represent the generic variable calculated at the 0 
step. If the load term corresponding to the first step is sufficiently small, the coupling 
term L .w can be initially neglected in the solution of compatibility. Hence, by 
approximating the in-plane stress field with Y',, Equation (4.26) can be inverted to 
yield a satisfactorily approximated expression for the coefficients wj: 
W, = -(G + H(. 'e, ))-' H(`Yede (6.47) 
Once the transverse displacement is known in terms of the coefficients of its 
generalized Fourier series expansion, Equation (6.43) can be inverted giving the 
following approximate expression of the total in-plane stress function: 
41 =(L1)'Lw G+H('i'e, )1 l H(`I' )e+Le, 
+ L., Nxo, 1i +L NxyoI + L, Ny01 
} (6.48) 
Equation (6.48) provides the coefficients of the generalized Fourier representation of 
the compatibility stress function t'ei. At the beginning of the second step, the updated 
value of S2 is calculated and substituted into Equation (6.47) to obtain an updated 
value of the coefficients w;. Then, a successive calculation of yij ( via Equation 
(6.48)) and w are done until converged solutions are reached. The algorithm can be 
represented by the following formulae: 
Wk = -(G + H(`Yek +`,,, 
_1))-` 
H(`Pef + `i'k_, )e (6.49a) 
t 
(L )' 
W[G+H(Te, +`P , 
)r'H(`Ye& +`YCk_I)e+LAk 
+ L., Nxa, k + 
LXYNxyok +L yNyok 
} (6.49b) 
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For each step, the proposed algorithm replaces the actual value of the compatibility 
stress function with the value taken at the end of the previous step. 
lt is emphasized that, since the actual transverse displacement's magnitude and shape 
affects the in-plane stress function, a sensitivity of the in-plane stress distribution to 
the essential boundary conditions for the transverse displacement is expected. Let us 
consider, for example, two identical unsymmetrically laminated panels loaded by the 
same system of in-plane loads, but with different kinematical boundary conditions. It 
is realistic to expect the behaviour of the panel subjected to more restrictive (in terms 
of transverse displacements) boundary conditions to be reasonably approximated by 
the symmetric model since the effect of the coupling matrix B is minimized. 
6.2.6 Case study 
A composite assembled panel (Figure 6.8. A), consisting of a square skin and a 
rectangular reinforcement (patch), was analyzed in order to compare the present 
analysis with the symmetrical model and to assess the differences and their causes. 









Figure 6.8. Reinforced panel. Geometry (A) and plan view (B) 
The in-plane stress ticld calculated by means of the both the symmetrical and the 
unsymmetrical models. In-plane normal forces arising along the sections indicated in 
Figure 6.8.13 were compared. Material properties and geometrical parameters are 
reported in Tables 6. I and 6.2, respectively. Stacking sequences are reported in Table 
6.5. 
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Table 6_5_ StswA-ino ti'nnnnrnc 
Configuration Component Stacking Sequence 
l Patch [45; 451 
2 Skin [O'9O] 
The enforced boundary conditions consist of simple supports along all the edges. 
Functions (6.30) were employed to model the compatibility stress function Y". The 
Functions (6.31) were used to expand the eccentricity e' and the components A *, / and 
B*,, of the matrices of reduced in-plane flexibility and coupling. 
A total number of 10 eigenfunctions for each co-ordinate were employed. Similarly, a 
total of 10 functions were used to calculate and express the perturbation stress 
function A by means of equation (6.9). The panel is assumed to be simply-supported 
on all edges. A total of eigenfunctions (10 per each coordinate) of' simply supported 
beams were used to expand the transverse displacement w: 
X =Sill 
m ý, }' =sill 
Vim, 
A total of 20 load increments were used to discretise the load solve equations (6.49). 
The structural response to the applied compressive axial load N,,,., (Figure 6.8.13) was 
simulated. Two different cases were analyzed. In the first simulation, the two opposite 
unloaded edges b and d (Figure 6.8. B) were free to move in the v -direction and did 
not restrain the shear deformation induced by the non-nullity of As a result, the 
in-plane stress field was mainly dominated by the axial compression. A compressive 
axial load N, n, i = 0.58 N/mm was applied. This loads corresponds to 90 percent of the 
predicted buckling load (see Chapter 8). 
The transverse displacements predicted by the present analysis are reported in Figure 
6.9. A and 6.9. B, which show the transverse displacements predicted by the 
unsymmetrical and symmetrical models respectively. 
As shown, the unsymmetrical model predicts larger transverse displacements when 
compared to predictions obtained by the symmetrical model. The predicted det-01med 
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Figure 6.9. Transverse displacement. Unsymmetrical model (A). Symmetrical 
model (B) 
To quantify the effect of unsymmetrical lay-ups in terms of transverse displacements, 
the maximum amplitudes of predicted transverse displacements are plotted against the 
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External compression, N/mm 
Figure 6.10. Compared maximum transverse displacements 
As expected, the error induced by using the simplified symmetric model is negligible 
when the external loading is insignificant compared to the critical buckling level for 
the same loading condition. When the load becomes larger and comparable to the 
buckling load, the effect of the transverse displacement becomes significant in the 
discretised compatibility equation (6.43). In-plane load redistributions are predicted, 
which cause the compatibility stress function P to be comparable in magnitude to the 
equilibrium stress function VJ, thus influencing the calculation of H and H matrices. 
As the external loads approaches the buckling load, the calculated transverse 
displacements begin to diverge. The in-plane load N, e calculated 
by means of 
equilibrium stress function (equal for both symmetric and unsymmetrical model) and 
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the additional N, calculated by means of the compatibility stress function were 
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Figure 6.11. Example of internal in-plane axial loads. Equilibrium component 
(A). Compatibility component - symmetrical model (B). Compatibility 
component - unsymmetrical model (C) 
As shown in Figures 6.11 .B and 
6.11. C, the transverse displacements can cause 
noteworthy in-plane loads redistribution, which is captured by the enforcement of the 
compatibility condition. The difference between the two approaches becomes 
appreciable as soon as the actual applied in-plane loads approach their critical values. 
Two considerations are necessary: 
i. When the external loading system is sufficiently close to its critical 
magnitude, Equation (4.26) cannot be straightforwardly inverted as the 
determinants of both G and H matrices tend to zero. The reason is implicit 
in the mathematical definition of buckling. The critical loading condition 
causes a simultaneous diagonalization of both matrices; resulting in an 
important decrease of accuracy and reliability of both models that cannot be 
avoided. 
ii. If the maximum absolute value of the transverse displacement ý,, 1 reaches 
the threshold beyond which the linear approaches become inadequate. This 
threshold is generally expressed in terms of the ratio between transverse 
displacement and skin thickness. Typically, the beginning of geometrically 
non-linear regimes is defined for values of this ratio that exceed 0.1=0.2 
(Bruhn, E. F., 19731. 
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For illustrative purposes, a second analysis was undertaken on the same configuration 
and enforcing the same boundary conditions. The external in-plane load N O, f was set 
to -1.5 N/mm. The maximum amplitudes of predicted transverse displacements are 
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External compression, N/mm 
Figure 6.12. Compared maximum transverse displacements for in-plane loading 
exceeding the critical buckling load 
As shown in Figure 6.12, there are peaks, which correspond to buckling onsets. In the 
proximity of the peaks and for all loads exceeding this value, the approximate non- 
linear models are no longer suitable to solve the analyzed problem. 
The same analysis was carried out by imposing a tensile external load of the same 
magnitude. The maximum amplitudes of predicted transverse displacements are 
plotted against the external load and compared in Figure 6.13. 
As evident, the difference between the two models increases with the transverse 
displacement, but at a much smaller rate. The effect of tensile loads is, in fact, a 
notable reduction of the transverse displacements induced by the eccentricity. As a 
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External tension, N/mm 
Figure 6.13. Compared maximum transverse displacements for in-plane tensile 
loading 
In a second simulation, the y-wise displacements of the two opposite unloaded edges 
b and d (Figure 6.8. B) were restrained in addition to the shear flow induced by the 
non-nullity of Ai16. As a result, compressive lateral Nyo and shear flows N'Yo (due to 
the non-nullity of A*16) were generated. A compressive axial load N, o,, = -0.58 N/mm 
was applied. The maximum amplitudes of predicted transverse displacements are 
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Figure 6.14. Compared maximum transverse displacements for in-plane loading 
exceeding the critical buckling load 
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0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 
External compression, N/mm 
The responses of both models are reasonably similar in the linear regime and begin to 
diverge as the transverse displacements become significantly large compared to the 
skin thickness. Once again, the reasons for the divergent responses lie in the in-plane 
loads redistribution due to the unsymmetrical lay-up. For small displacements, the 
component of in-plane loads due to the compatibility stress function is negligible 
compared to the equilibrium components, i. e. the in-plane stress field is dominated by 
the load term represented by the natural boundary conditions (see Equation (6.43)). 
As the external loads increase in magnitude, the equilibrium load term increases 
linearly as shown by Equation (6.43), whilst the effect of the transverse displacement 
increases at a larger rate. Compressive loads in fact exacerbate the internal bending 
due to transverse displacement, triggering a magnifying effect on the displacements 
magnitude. This phenomenon is diminished in the case of tensile external loads. The 
predicted peaks give no information about the structural response but show that panel- 
buckling onset is located in the region of load magnitude that is underneath the 
displacement peak. As predicted, the peaks show a discernible reduction of buckling 
load due to by-axial compression being triggered by restraining the Poisson's 
transverse (y-wise) expansion of the panel. In order to confirm that in-plane loads 
redistributions occur as the in plane load increases in magnitude, the in-plane 
longitudinal stress resultants Nx were calculated at two different load magnitudes 
using both models. The critical buckling load calculated by means of the symmetric 
model was used as reference load. Results are illustrated and compared in Figures 
6.15,6.16 and 6.17. 
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Figure 6.16. Compatibility components of axial in-plane stress resultant - 
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Figure 6.17. Total axial in-plane stress resultant - Sections BB and EE 
Both models predict reasonably similar distributions when the external load level is 
small compared to the buckling load. As the external load increases, clear evidence of 
load redistribution is predicted by the present analysis. It is noteworthy to observe that 
not only the deformed shapes of unsymmetrically laminated panels are skewed in 
appearance, but also this behaviour extends to the shape of in-plane loads 
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A. Nx =10% Nxcr 
distributions. This effect is clearly noticeable in Figure 6.15, where the span-wise 
distributions of longitudinal stress resultants are plotted along two sections, namely 
BB and EE (Figure 6.8), which are symmetrically located with respect to the panel's 
longitudinal axis of symmetry. Load redistributions are notable from small values of 
the external load, and become more significant as the load increases in magnitude. 
The overall distributions are well captured by the three-dimensional plots presented in 
Figure 6.18. An in-plane compressive axial load equal to 30 percent of the buckling 
load was imposed. Significant redistributions occur that are not captured by the 
simplified symmetrical model. 
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Figure 6.18. Total axial in-plane stress resultants. Unsymmetrical solution (A). 
Symmetrical solution (B) 
6.3 Conclusions 
Generally, several phases characterise the design and sizing process of aerospace 
structures, each characterised by increasing levels of precision and accuracy. FEM is 
currently the most deployed tool when high precision, robustness and reliability are 
required, like, for example, during finial sizing phases. 
Two different approaches have been developed in this Chapter, which can be used as 
a cost-effective alternative to FEM.. The approaches presented in this Chapter aim at 
providing fast and reliable solutions to complex problems such as the determination of 
the stress and strain fields in composite assemblies with stringer run-outs. Depending 
on the required precision, potential user can opt for the employment of one of the 
methods accordingly. 
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The solutions obtained will be used as inputs by a local LEFM-based sub-model to 
predict crack initiation in stringer run-outs. This will be discussed in detail in Chapter 
7. 
Nevertheless, the proposed approaches can be used as stand-alone tools to obtain 
information about the magnitude of the transverse displacements or, for example, to 
assess the in-plane load redistribution caused by the presence of a discontinuous 
stiffener. 
Preliminary comparisons and validations show noteworthy correlation between 
analyses and FEM. However, additional validations will be presented in the following 
Chapters to substantiate the findings of the present one. 
Despite the fact it is widely accepted that FEM is able to provide realistic predictions, 
the large computational times together with the rather significant sensitivity of the 
results to the mesh size discourage its use as main tool for at least preliminary phases 
of aircraft design. The employed mesh appears to be sufficiently refined to offer 
reasonably acceptable results within computational times, which are suitable for the 
purpose of this study. It is realistic to forecast the use of more refined meshes for 
industrial purposes, which lead to much larger computational effort and time. 
A major advantage related to closed form solutions is that they are readily 
implementable in parametric form for optimization techniques. Hence, the 
employment of analytical or meshless solutions is strongly encouraged since the 
preliminary design phases, as it could minimize superfluous and costly weight saving 
routines that characterise subsequent phases. Due to restricted timescales, aerospace 
industries are quite often obliged to launch different design phases in parallel thus 
causing overlaps between the end of one phase and the beginning of the subsequent. 
Avoiding undesirable structural changes is therefore a key driver from a risk 
assessment perspective. For this reason, the use of much faster solutions is globally 
better performing even if in conjunction with a small loss of accuracy. 
Therefore, complex structural problems such as stringer run-outs as often solved using 
simplistic methods during preliminary sizing phases. This potentially leads to loss of 
accuracy which might not be so small to justify their use. 
For the reasons exposed above, the present analysis is expected to be suitable for 
preliminary design phases. Furthermore, to the best of the author's knowledge no 
analytical methods are available in literature, which predict the in-plane loads 
redistribution due to the presence of an incomplete stiffener terminated mid-bay along 
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the bay length. It is recognized that no convergence studies were performed in the 
present Chapter. 
However, several convergence analyses will be presented in the following Chapters 
that confirm that the proposed analyses converge within reasonably small time with 
minimal associated computational effort. 
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7. Disbond analysis 
A disbond local model is presented in the present Chapter. The model is employed in 
conjunction with the analysis methods developed in the previous Chapters. A multi- 
scale approach is presented to predict crack initiation in composite panels with 
stinger run-out. A simple energy-based approach is proposed to account for the effect 
of ply drop-offs and a series of tests on four point bend configurations are presented. 
Furthermore, tests on large panels and virtual tests obtained using advanced non- 
linear FEM were used to validate the multi-scale approach. 
7.1 Introduction 
An important failure mode for composite structures is the nucleation, growth and 
propagation of interlaminar and/or exterior defects. Such debonding or delamination 
processes may lead to global failure, through the progressive loss of stiffness and 
global strength. Initial defects, intrinsically present after manufacture, are often small 
and can be tolerated if their size is within a safe range (Hadavinia et al., 20031. 
Unfortunately, the introduction of loads can cause coalescence of some defects, which 
can reach a critical size and initiate crack propagation [Irvin, 19581. To mitigate this 
potential risk, several studies and test programmes have been conducted [Krueger et 
at., 1993; Krueger, 2004]]. The chemical industry, for instance, have focused most of 
their efforts on increasing the toughness of matrix resins, in order to meet aerospace 
industry requirements [Kinloch and Young, 1983; Irving and Figueroa, 20071. 
Both testing and design of composite laminates require the ability to calculate either 
the strain energy release rate (SERR) or the critical stress intensity factors K,,. They 
are recognised as the most important driving parameters able to quantify the actual 
reserve factors. Most use finite element approaches [Krueger, 2004] to derive these 
quantities. Unfortunately, the associated computational effort together with the 
limitations of the method and the complexity of the interpretation of results render the 
FEM approach relatively inefficient. Therefore, there is plenty of scope for exploring 
analytical methods that allow for more cost-efficient assessments. 
In the previous Chapters, a selection of analytical methods was developed, which 
allows the calculation of the stress and strain field throughout the domain. The aim of 
the present Chapter is to present an analytical method to calculate local SERR in the 
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critical areas of composite panels with stringer run-outs. The analytical solutions 
presented in the previous Chapters are based on the assumption of state of plane 
stress. Therefore through-the-thickness components of the stress tensor are not 
directly derivable. LEFM based methods compute local SERR by means of energy. 
based calculations and do not require knowledge of the through-the-thickness 
components of the stress tensor. Conversely, methods that are based on the strength of 
materials approach (Chapter 2) require the calculation of the full stress tensor to 
compute local stress intensity factors. This dictates that LEFM based methods should 
be used to calculate local SERR. 
A variety of LEFM models and failure criteria has been developed in the past few 
decades and are available in the open literature [Krueger, 2004; Greenhalgh, 19981. 
To select the most appropriate method and failure criterion, several LEFM models 
and failure criteria could be calibrated against simple tests and compared. However, it 
has been illustrated in Chapter 2 that most of the LEFM models and failure criteria 
have been developed on a semi-empirical basis. Therefore, each model shows, in 
general, good correlation with tests performed on the same materials used to develop 
and calibrate it. Nonetheless, the models could prove unsuitable if used to predict 
crack initiation in different materials. 
The aim of this thesis is to develop a robust and reliable multi-scale methodology to 
assess the effects of in-plane loads redistribution, crack initiation and buckling loads 
for composite stiffened panels with stringer run-outs. It is beyond the scope of the 
present thesis to develop novel LEFM based models and/or original failure criteria. 
In the present Chapter, the LEFM approach proposed by Williams [19881 is chosen as 
base model. Some enhancements are proposed in order to model ply drop-offs. To 
predict crack initiation, a simple quadratic power law (Equation (2.8)) was selected. 
The motivation to follow the approach outlined above partly comes from the work of 
Taki and Kitagawa [19951 and Dahlen and Springer [19941 who used a simplified 
version of the present model to predict skin/stiffener debonding of composite 
stiffened panels in post-buckling regime (Taki and Kitagawa) and under fatigue 
cycling (Dahlen and Springer). Their predictions fitted fairly well with the 
experimental results. 
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A series of tests on four-point bend configurations are presented, which were used to 
verify the suitability of the model and to validate the proposed modelling of ply drop- 
off areas. Furthermore, tests on large panels and virtual tests obtained using advanced 
non-linear FEM were used to validate the multi-scale approach. 
It is assumed that skin/stringer delamination and/or disbond is the dominating failure 
mode. This assumption is substantiated by the findings of several authors, such as 
Taki and Kitagawa [19951, Falzon et al. 120001, Falzon and Davies 12003-A and 2003- 
B1, Greenhalgh and Huertas-Garcia [20041, Meeks et al. 120051. Furthermore, the 
influence of mode III is neglected [Williams, 19881 such that initial failure is 
attributed to the first and second (the peeling mode I and the sliding mode II) opening 
modes. 
7.2 Disbond sub-model 
In general, composite laminates containing initial microscopic flaws, develop these 
defects in a linear elastic manner [Williams, 19881, therefore LEFM can be used to 
derive the strain energy release rate. The approach taken to simulate debonding was 
first developed by Williams for one-dimensional configurations and enhanced here to 
account for two-dimensional orthotropic problems. The method follows three steps. 
i. In the first step, the total strain energy release rates G are calculated as a 
function of the local values of normal in-plane stress resultants, transverse bending 
resultants and vertical shear resultants 
ii. In the second step, the total strain energy release rates G is partitioned into pure 
peeling and sliding components 
iii. To compute single contributions arising from each local load component, an 
accurate load partitioning approach is proposed in a third step 
7.2.1 Total strain energy release rate 
In the one-dimensional case, three internal stress resultants contribute to generate 
SERR. These are in-plane load, transverse bending moment and transverse shear 
(Williams, 1988; Davidson, 1998-A]. Transverse shear effects are mostly 
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insignificant [Williams, 1988; Davidson, 1998-B]. These contributions are only 
taken into account in cases for which high accuracy is required. Examples are found 
in the data reduction procedures implemented in DCB tests [ISO, 2001; ASTM, 
20041. Such tests are often used by industry to derive reliable and statistically 
meaningful sets of material properties (GI, and G11c), or to qualify a specific material. 
Hence, high fidelity and maximised accuracy are required. The present thesis is 
focused on preliminary analysis of skin/stringer disbond. Therefore, the minor effects 
of transverse shear are neglected. 
To calculate contributions to the total SERR due to in-plane, bending, let us consider 
the composite assembly illustrated in Figure 7.1. The calculation is performed 
assuming that the assembly is loaded by bending moments only. However, identical 
procedures can be used to compute the effect of in-plane and shear resultants. For 
these two cases, only formulae are provided. However, details on calculations can be 
found in Williams [1988. 
Two adherends (referred to as top and bottom adherend respectively) are loaded by 
two bending moment resultants (M, op and Mbo, ) acting independently upon each 
adherend. The system is assumed to be in equilibrium. Hence, the two moments are 
equilibrated by their resultant, Mo,,, acting upon the overlap section. 
i 




Overlap Mov da 
neutral plane ---I -',, --- 
Top adherend 
Mtop 
neutral plane -- -- OýI 0ý 
Bottom adherend ---- --- - ,ý -ý- -- --M bot neutral plane 
4) + 
bo dal dcp 
0V da i d, + ov da da 
Figure 7.1. Moments and rotations before and after crack initiation 
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An infinitesimal crack, da, is assumed to initiate in the bond line as a consequence of 
the loading condition. This location is the most probable due to local stress 
concentrations arising because of the abrupt change in cross section. 
The total SERR is defined as [Williams, 19881: 
I (dU, dU 
B da da 
constant load 
The quantities UQ and we are the external work performed on the cracked contour and 
the internal strain energy, respectively. The term B is the width of the assembly. After 
the onset of the infinitesimal crack, the increment in external work will be performed 
by the acting moments due to the increment of rotations. Moments and slopes are 
related by the following one-dimensional constitutive equation: 
d(D 
_M (7.2) dx EI 
When the crack moves from o to o', the change in slopes in the top and bottom 




ov da bOI _ 
dtov lda 
(7.3a, b) 
da da da da ) 
Since the crack propagates in the x-direction, the infinitesimal increment in crack size 
coincides with the infinitesimal co-ordinate increment. The system is assumed to be 
equilibrated, hence 
M0 = M, op + 
Mbo, (7.4) 
From Equation (7.2): 
d10 M, op + 
Meot C top Mtop d&,, mb", (7.5a, b, c) da = (EI), ' da = (EI ), 
op 
' da - (EI) bot 
It follows that 
dl>, 
°p _ 
d0°v d0 m, _ 
dI°ý 




Substituting Equations (7.5a), (7.5b) and (7.5c) in Equation (7.6) gives 
MZ MZ Mtop +M bue top 
+ bot (7.7) (EI)rop (EI)6,,, (EI)a, 
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In one-dimensional cases, the strain energy in a beam where the only internal loads 
are bending moments is provided by the following general expression ITimoshenko, 
1934: 
dU,. =2E dr (7.8) 
So the energy variation within the crack contour is Williams, 19881: 
hU 1 M,,,,, 1 M, 
 _ 
M,,,,, +M 





Substituting Equations (7.7) and (7.9) in Equation (7.1), the expression for the total 
SERR due to bending moments is obtained: 





(lL%rop + bo l (%. l0) 
2B (EI )1, 
)p 
(EI)h,,, (EI) 
Similarly, the expression for the total SERR due to in-plane loads is derived 
Williams, 19881 as: 
2B (EA),,,, 
7.2.2 Mode partitioning 
The majority of Iailure criteria described in Chapter 2 require the total SERR to be 
partitioned into the peeling and sliding components. This must be done for each 
contribution to the total SIRR. 
With regards to the bending moments, pure mode II is obtained when the curvatures 
in the top and bottom adherends are the same (Williams, 19881: 
Mhos '171of) %. 2 
(EI)h (EI)',, 
Therefore if M11 is applied on the top adherend, %%1Mjj acts on the bottom one, with the 
constant dcfincd as 
(EI )6u 
(7.22) X: 1r = (EI)f, 
', ' 
The opening mode requires two bending moments, M, and - MI , which are equal 
in 
magnitude but oppositc in sign. 
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Referring to Figure 7.3, the applied bending moments can he expressed as 
Altoll = Ml/ -All, Al/ , Of = X. v 








Figure 7.3. Partitioning of bending moments 
Substituting Equations (7.23) in Equation (7.10): 
Gin' "1 
I+I+ Mri 1+ 
'If 
0+X. u 7 24) 
2B L(EI),,,,, (EI)60,2B L(E1)n, I, (EI)i,,, ý (EI), ". 
It is noteworthy that no cross products are present, this allows partitioning the total 





2B (E' '°, ' (FI)/, ý, 1 
7,, 
2B (El),,,, (EI )hý, r (EI )ý 




-. i. hl Mrup 
r2 1 
G+ (7" . -6a) 1 2B(1+Xnl)2 (EI),,, h (E1)h,,. 
G(tiý) _ 
(M101, 
+ Mhot) 21+z 1f (I ý X, ll 
)2 
7.26h) ýý 2B( +X. tt 
)2 (El),, ), ) (EI)no,, (EI )M 
In-plane loads trigger Mode II excitation only. This arises from the deviation from the 
uniform axial strain distribution (Williams, 19881. 
Referring to Figure 7.4, the top and bottom in-plane loads can be partitioned as: 
Nj( 
)P 
N, + N11 , 
N,,,, = X, N1 - N11 (7.27a, h) 
where 
(EA), 
. = (7.2) 
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top ý. "'ýIU 
0 da büt ZNAI II 
Figure 7.4. Partitioning of in-plane loads 
Substituting Equations (7.27) in Equation (7.11 ), and after algebraic manipulations, 
the following modal contributions are found: 
G('%) _N1+ -X. 
-% 
_ 
(1 + ZNý2 (7.29a) 
2B (EA), (EA)h(,, (EA)(,. 
2B (EA) 
+ (EA) (7.29b) 
,,,,, 6,, r 
Inverting Equations (7.27) and substituting gives 




Nnu )2 1+ 
2B 1 
(7.30b) 11 




7.2.3 Ply drop-offs 
The effect of tapering the tip is modelled by replacing the tapered area with a foot 
termination of constant thickness and equivalent elastic modulus. 
virtual sectiori 
teq 
Figure 7.5. Simplified schematisation of tapered regions (ply drop-offs) 
In order to account for ply drop-off, local strain energies Un)o ji and Uly) ý of the drop- 
off area (Figure 7.6. D) are calculated under two different assumptions: constant strain 
and constant curvature (Figures 7.6. E and 7.6. F respectively). Results are then 
compared to local strain energies U, %, and U% of the configuration without ply drop- 
offs (Figure 7.6. A), calculated over the same region and under identical assumptions, 
i. e. same constant curvature and longitudinal (Figure 7.6. B and 7.6. C respectively). 
141 
Hence, correction factors C, kj and C', v are derived for internal stain energy and 
external work performed by bending moments and in-plane loads. respecti\cly. 
If Etp 
A. Reference configuration 
!r Stop '3t 




G. Equivalent configuration 
B. Deformed reference coeit cation E. Deformed real contigwation H. Deformed equivalent contiguiation 
(constant curvature) (constant curvature) (constant cwvatwe) 
C. Deformed reference configuration F. Deformed real contigruation I. nefonned equivalent contigiuation 
(constant strain) (constant strain) (constant strain) 
Figure 7.6. Drop-off area idealization 
The total strain energy stored in the drop-off region under the as, 1 11111 I tion of a 
constant curvature k is 
II' 1 CE B uýý. ý, 
f k2E,,,,. /(. i-)A- ,/ (t', -ti) (7.31) 1 
11 
8 12 tan(a) 
The total strain energy stored in the drop-off region under the assumption of cont. ºnt 







A(x)dx" _ ,,,,, (7.32) 2 
(ý 
4 tan(a) 
The total strain energies stored in the reference configuration under the assumptions 
of constant curvature k and constant axial strain care: 
11 k-E,,,, B 
, U., 1 =2f k'EIcý! ý =I2 -1 ri1/, () (7.33) 
U, =2 




Defining the following correction factors: 
t4- t4 









the strain energy stored in the drop-off region can be expressed as a fraction of the 
strain energy stored in the reference configuration: 
U/)(,. %/ = Cti, UV (7.36) 
Unu. V =Cv. U% (7.37) 
Two parameters, namely an equivalent thickness (t.,, ) and an equivalent elastic 
modulus (El, ), are introduced to define an equivalent top section (Figure 7.6. G). 
These parameters represent an equivalent thickness and an equivalent elastic modulus, 
respectively. These parameters are determined by imposing the condition that the total 
strain energies stored in the equivalent beam (Utt) and axial strain 
undergoing the same constant curvature, equal Uoº f and U/)Q, y, , respectively: 
U" v= cifulf (7.38) 
U,., = C'U, (7.39) 
The energies U.,; ti and U, y, (Figures 7.6. H and 7.6.1) can be calculated as 
1,11.1 
rý; (7.40) U,. sý =2 
Jk 2 Ei,, 
i, 
I,. dr =E 
U=f'F_A dv s-, F_ Bf l (7.41) 
Substituting Equations (7.35a) and (7.35b) in to Equations (7.38) and (7.39) and then 
substituting the results in Equations (7.40) and (7.41), the following relations are 
derived for equivalent bending and axial stiffness: 
(EI),,,,,, = C,, (EI),,,, (7.42) 
(EA),,,,,, = C, (EA),,,, (7.43) 






(EA ) (7.43) 
=2 
ý-3 (C )iý (c, )' (7.44) 
Equations (7.26) and (7.30) can be expressed as: 
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2B(l + X1r., -) 




1Xý,., ýI + G +- (7.45b) 
GI(v) =0 (7.46a) 
1"")2 +I (7.46b) 






7.2.4 Partitioning of modal contributions 
In order to properly use the disbond model, an appropriate partition of load is 
required. For the sake of simplicity, the example of modal partitioning presented 
herein is based on the configuration illustrated in Figure 7.7, in which the stringer toot 
is extended beyond the web. The same approach can be readily extended to represent 
other specific cases. 
Skinroot neuual plane 
Skin neutral plane 
B) 
/i 
Skinfoot neutral plane 
Skin neutral plane 
Skin foot neutral plane 
LM=Ne i! *.. 
Skin nPntral plane 
W 
Figure 7.7 Local free-hodies 
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Referring to the free-body schemes in Figure 7.7, the loads exchanged between the 
overlap section (skin/foot) and the skin can be partitioned into three 
distinct 
components: 
I. N, due to the external in-plane load acting on the bottom adherend of the joint 
(skin part). 
2. The discontinuous increment AM, due to the local abrupt variation in 
eccentricity and acting on the whole overlap section only. 
3. Al,, due to local curvature of the skin is exchanged between the two sections 
and acts only on the lower adherend of the joint (skin part). 
" In-plane load 
The in-plane load N triggers Mode 11 excitation only. Mode partitioning is obtained as 




+1 (7.48a, b) 
and in the case of ply drop-offs, 






+1 (7.49a, b) 
2B(1 + X, J2 (EA) (EA), ,, 
0 Eccentricity bending 
'I'hc bending moment due to local eccentricity OM triggers modal excitations 
partitioned according to Equations (7.26): 
(AM,,,,, 
- XIf AM,,,,, 
)2 1+ (7.50a) 




)2 1+X ýý 
_ 
(I + Xt' )2 (7.50b) 
2B(1+Xti )2 (EI),,,,, (EI), (EI) 
and in the case of ply drop-offs, according to 
Equations (7.45): 
G1 (7.51 a) 




+ AM,,, )' 1+XM. ' - 
(I +2 (7.5 lb) (,, = 2B(I+Xt,. 
ý-ýý 
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A. Before crack 
A Al 
Clý 
B. Attcr crack 
C*-] 
A'bot 
Figure 7.8. Eccentricity bending partitions 
It is assumed that after an initial virtual crack (hi, (Figure 7.8) the bending moments 
are partitioned between the top and bottom adhcrend in proportion to their bending 
stiffness ratios. Top and bottom components can be derived assuming that both parts 
have the same curvature after crack initiation, and applying the bending moment 
equilibrium of the free body illustrated in Figure 7_'(-,: 
A'/ 
4; 11,,,,, 
(7 52a h) 
and in the case of ply drop-offs, 
DM..,,. + ýM, = AM 
DA/,..,. 0,41,,, 
(7.53a. h) 
Substituting Equations (7.52) and (7.53) in Equations (7.50) and (7.51) respectivcly, a 
null Mode I excitation is obtained. 
" Skin bending 
Local bending 11, due to skin curvature can either trigger a Mode 11 excitation only or 
a mixed mode contribution. If the local curvature of the skin at the run-out tip is such 
that the bottom is pulled away fron the top (Figures 7.9. A and 7.9). U), mode I and 
node II only contributions are present. 




C. Before crack 
B. After crack Alr 
A 1, 
r. tnj, 
D. After crack 
Figure 7.9. Partitioning of bending moment due to local skin cur\ ature 
From Equations (7.26), modal contributions are 
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Gý +I (7.54a) 
2B(1 + X f (EI ý,,,,, (EI )nGi 
%" iM1+X, li _ 




2B(I + )2 (EI )S,,,, (F I) S (EI)S 
and in the case of ply drop-offs, 
U') = 
M, ý I+1 (7.55a) 
2 B(1 +Xt, ý 
G'; 
M, - 1+ Xmý 
_ 
ý1 + Xa,. ý-ý2 (7.55b) 
Conversely (Figures 7.9. C and 7.9. D), a mode II only contribution is triggered in the 
case of a reverted curvature. Assuming the same curvature 
for both adherends after 
the crack: 
+M M AM, - 
M,..,,,,, 
= 
M, n,,, (7.56a, b) 
ý,.,, , , ý, (EI), (EI), 
From Equations (7.26), the modal contributions a rc: 
G, ") =0 (7.57a) 
tr i_M, 
2 1 [ X. tir + _ 
(1 +X ")2 (7.57b) 
2B(I + X ) (EI), ' (EI), (EI)... 
and in the case of ply drop-offs: 
0 (7.58a) 
2 + 
X,,. (1 +X,,. f) (7.58b) 
) (EI),,,,, (EI),,,, (EI). 
7.3 Sub-model validation 
To validate the method and Understand and quantify the 
benefit obtained by making 
use of ply drop-offs, a series of four point bend tests were conducted. 
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J LF 
1M. - -- - 1ý 
A. BASELINE: COMPRESSIVE 4-point bend B. PLY DROP OFF: COMPRESSIVE, 4 point bend 
Figure 7.10. Four point bend test configuration 
Figure 7.10 shows the test arrangement. Each coupon con, istcd of a co-cured 
assembly made of a skin and a patch on top. Four different configurations (stacking 
sequences) were investigated. These are reported in Table 7.1. 
The material used was Hexcel T700/M2I. The material properties used ate ti und in 
Table 7.2. The nominal ply thicknesses associated to the three areal weights (grades) 
used (134 g/mm,, 194 g/mm2 and 268 g/mm2) are 0.125 mm, 0.184 mm and 0.25 nom 
respectively. Lay-ups were selected in order to simulate typical skill' stringer 
assemblies, in which the skin lay-up is generally in the range of [44/44/121 or 
[50/40/10], while the stringers are usually in the range of 150-'40, /10 or [60ßOi I0]. 
Table 7.1. Contit*urations 
Stackin g Sequence 
Grade 
Contigurati Ig/mm2[ Skin Patch 
on 
1 134 [90/45/0/-45/-45/0,45 0]s [45 90-45 0. -45 0/45,01s 
2 134 [90/45/0/0/-45/0/0]s [45/0/-45/0/90/0/0]s 
[-45/0/45/90/0/90/'45/0/- 
3(4) 194 45/0 s 
[45/0 -45 0; 90%Oi45%0/-45/O Js 
4(6) 268 
[0/-45/90/45/0/90/45/0/- [0 0 -45 0 90 0 454) - 
45/0 s 45/0, '90 00s 
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C. BASELINE: TENSÜTE 4-point bend D. PL\ DROPOFF: I ENSILE 4 point bend 
Table 7.2. Material oronerties for T700/M21 f Bertolini et al.. 20091 
E1, IMPal ET IMPaj GLT IMPa] VAT G1 fJ/m G//( IJ/m 1 
119680 8500 4500 0.32 350 1250 
Each configuration consists of a baseline (Figures 7.10. A and C) and a modified 
design with ply drop off features (Figures 7.10. B and D). 
Two different loading schemes were used: 
1. Compressive four point bend (Figures 7.10. A and 7.10. B) 
2. Tensile four point bend (Figures 7.10. C and 7.10. D) 
Compressive four point bend tests originate cracks that initiate in the skin/patch 
interface at the very tip of the patch (Figure 7.11). The initiation in Mode II 
dominated since no Mode I components are triggered. Tensile four point bend tests 
give raise to crack initiation that are, in general, Mode I dominated (Figures 7.12 and 
7.13). 
Figure 7.11. Compressive four point bend test. Example of crack initiation 
Figure 7.12. Tensile four point bend test. Example of crack initiation 
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Figure 7.13. Patch disbond in tensile four point bending 
Referring to Figure 7.10, coupon geometry and test arrangement are reported in Table 
7.3. 
Table 7.3. Test arrangement and coupons geometry 
Configuration Design 1V Immj IF Imm1 
Width 
mm 
Ip Imml IDO Imml 
Baseline 120 60 20 60 --- 
Drop-off 120 60 20 60 7.5 
Baseline 120 60 20 60 --- 2 Drop-off 120 60 20 60 7.5 
Baseline 200 100 20 60 --- 3 Drop-off 200 100 20 60 20 
4 
Baseline 300 100 20 60 --- 
Drop-off 300 100 20 60 20 
Test matrix is reported in Table 7.4 







Baseline --- 1 /4 
Drop-off --- 1/4 
2 
Baseline --- 1 /4 
Drop-off --- 1/4 
3 
Baseline 1/6 1/6 
Drop-off 1/6 1/6 
4 
Baseline 1/6 1/6 
Drop-off IT 1/6 
x /Y =x batches of t" coupons per batch 






=1 (7.59) Gi. 
c Gn. c 
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This interaction curve is widely used by aerospace and automotive industries 
lGreenhalgh, 19981 because of its simplicity and because it does not give priority to 
one failure mechanism(mode I and mode II are assigned the same weight). 
A white liquid ink was applied along the external boundary of the bond-line to aid 
visibility of any crack initiation (Figure 7.12). The load decrease with visible damage 
at or near the patch tip was considered as crack initiation load. Audible cracking 
without any visible or detectable damage at or near the patch tip was not considered 
as an initial failure indicator. Figure 7.14 shows typical load vs. displacement curves. 












1 nn 1Vý 02468 10 12 14 16 
Cross-head displacement, mm 
Figure 7.14. Load vs. displacement curves for compression tests. Configuration 
3, baseline design 
Test results and comparisons to analytical predictions are presented in Tables 7.5 and 
7.6 for compressive and tensile tests respectively. 





Config. Design failure Deviation Variation load 
failure 
load (N) (NI 
(%) (N) 
load 
Baseline 1168 44 3.76 1206 1153 
3 Drop- 
1112 15 1.36 978 1375 
off 
Baseline 1201 62 5.24 1194 1213 
4 Drop- 1372 42 3.06 1236 1409 
off 
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Tnhle 7.6_ Test results and analvtical nredictions for tensile tests 
Mean Standard Coefficient Analytical FEM 




load (N) [N] ado 
load 
Baseline 532 32 6.10 472 506 
1 Drop- 702 28 4.01 682 728 
off 
Baseline 517 42 8.08 511 504 
2 Drop- 773 38 4.94 701 802 
off 
Baseline 589 6 1.05 502 615 
3 Drop- 761 26 3.54 714 798 
off 
Baseline 929 26 2.83 864 1018 
4 Drop- 1298 52 4.03 1154 1375 
off 
Results show that, under Mode I dominated initiations, significant improvement is 
obtained by dropping plies in the critical regions (bond-line tips). 
This effect is well captured by the analytical model. In terms of initiation load and 
with reference to baselines 1,2,3 and 4, the improvements obtained by means of ply 
drop-offs are 31%, 49%, 29% and 39% respectively. Corresponding predicted 
improvements are 44%, 36%, 42% and 33% respectively. 
Conversely, no substantial benefit is offered by the same design principle when 
failure is Mode II dominated. Test results suggest that there is a small improvement 
(14%) in configuration 4. Corresponding analytical calculations predict a negligible 
3% improvement. Nonetheless, a detrimental effect is shown by configuration 3, 
where the average failure load of drop off coupons decreases by 5%, while analytical 
calculations predict a more significant 19% decrease. 
FEM predictions appear to confirm that there is a potential benefit associated with the 
use of ply drop-offs in both the tensile and compressive cases. 
Figures 7.15 and 7.16 show the peeling and shear distribution along the width at the 
bondline tip in configuration 3. In both the tensile case (Figure 7.15) and the 
compressive case (Figure 7.16), comparisons between stresses in baseline and ply 
drop-off configurations are obtained for a total external load equal to the 
experimentally measured crack initiation loads of the corresponding baselines. 
Notably, in both the tensile and compressive case, there is a major reduction in normal 
stresses. Significant reduction in shear stresses is also shown. In addition, the width- 
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wise distribution appear more uniform in the configurations with ply drop-offs, while 
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Figure 7.16. Normal (left) and shear stresses distribution. Configuration 3, 
compressive load. 
However, test results show no benefits due to the use of ply drop-offs in the 
compressive case. This could be explained by assuming that compressive normal 
strains are beneficial and can delay crack initiation. This benefit is lost when ply drop 
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offs are employed and a significant reduction of the average magnitude of normal 
stresses is observed in the bond-line tip area. Therefore a more accurate material 
characterisation would be required. However this is not the cope of the present 
thesis. 
7.4 Multi scale approach validation 
In order to validate the accuracy of the multi scale approach, a variety of 
configurations were analysed and results were compared with virtual tests performed 
by non-linear FEM. Five different configurations were initially analysed. A composite 
co-cured assembly consisting of a composite skin and a composite stringer was 
modelled. In the baseline configuration, the stringer was terminated at ntid-hay 













Baseline ABc Iý 
6 
Figure 7.17. Virtual specimens. Dimensions in mm 
The panels were assumed to be clamped along the edges a and t- (f iýgurc 7.18) and 
simply supported along the edges b and ci. Four variations were analysed, in which the 
stringer was terminated at different locations along the span-eise co-ordinate (see 
Figure 7.17). 
All configurations were analysed under both longitudinal tensile and compressive 
loads. 
Two different damage mechanics techniques were employed to predict crack initiation 
with FEM. These are Cohesive Elements (CE) and VCCT (Chapter 2, Section 2.5). 
Three-dimensional elements, linear hexahedron C3DR, were used in conjunction with 
average material properties for both techniques. Stacking sequences, lamina and 
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averaged material properties are reported in Tables 7.7,7.8 and 7.9 respectively. A 
cohesive layer of COH3D8 elements was used to model the damage cohesive zone 
with CE. The cohesive layer thickness was made equal to 0.05 mm. The value of 30 
MPa was used as an initiation stress for stiffness degradation (Figure 7.16). The 
length of the cohesive layer is 100 mm. Both CE and VCCT FEM models consists of 
a total of 34756 elements. The failure is assumed to occur when the total scalar 
degradation equals one. 
A traction-separation law [Xie and Waas, 20061 was used for the VCCT modelling. 
For analytical and numerical (VCCT) models the quadratic power law (7.59) was 
used as mode interaction formula. The values of Gic and Giic chosen are respectively 
300 J/m2 and 1250 J/m2. 
6p= 30MPa 
b 
Scalar degradation =0 
=1 
Figure 7.18. Degradation law 
Figure 7.19 illustrates local mesh details at the stringer run-out tip. The mesh size and 
density were chosen after an initial sensitivity analysis that showed that the chosen 
mesh ensures convergence of results under reasonable computational effort. To ensure 
that the virtual specimen was similar to a flying configuration, the presence of three 
rows of titanium bolts was also modelled. The elastic modulus was set to 105,000 
MPa and the Poisson's ratio to 0.3. However, a preliminary analysis was performed 
and results showed no differences if no bolts had been modelled. 
Furthermore, for both VCCT and CE, a standard damping factor of 10-5 was used. 
Two preliminary runs showed negligible differences in predictions if two different 
values (104 and 10-6, respectively) were used. 
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E'0 6 EC 
Table 7.7. Material properties 
Ei. IMPa! ET IMPal GLT IMPa] VLT Nominal ply thickness Immi 
150000 8800 4800 0.34 0.25 




Table 7.9. Averaged material properties 
Property Skin Foot Web 
Ei [MPa] 93919 85014 85014 
E2 [MPa] 40486 49391 49391 
E3 [MPa] 8800 8800 8800 
G12 [MPa] 17402 17042 17042 
G13 [MPa] 4000 4000 4000 
G23 [MPa] 4000 4000 4000 
V12 0.385 0.315 0.315 
V13 0.34 0.34 0.34 
v23 0.34 0.34 0.34 
For both VCCT and CE, crack initiation was assumed when the first cohesive element 
(for CE) or the first node (VCCT) reached the critical initiation threshold. Following 
Raju 119871, the first 5 rows of nodes were disconnected to create an artificial crack at 
the stringer run-out tip, for a total length of the artificial initial crack of lmm. This 
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Figure 7.19. Local mesh in the expected crack initiation area 
ensures that the VCCT hypothesis, i. e. that a crack extension from node j to node I 
(Figure 2.27) does not modify the stress state at the crack tip. Also, the small size of 
the initial crack means that crack propagation tends to crack initiation values. With 
regards to the analytical predictions, all configurations were analysed by extracting 
the local loads at the stringer run-out tip by the four analytical models developed in 
Chapters 4,5 and 6. A total of ten eigenfunctions per co-ordinate were used to model 
both the eccentricity and the transverse displacement. Similarly, 10 functions were 
employed to model the compatibility component of the Airy stress function in the 
symmetrical and unsymmetrical refined models (Chapter 6). 
Two additional configurations, namely E and F, were also analysed. Configuration E 
is geometrically equivalent to the baseline configuration. The only difference is the 
more restrictive boundary condition, where edges b and d (Figure 7.18) were assumed 
to be clamped. This configuration was analysed under compressive loads to assess the 
effect of boundary conditions and reduced transverse displacements. Configuration F 
is identical to the baseline but the nominal ply thickness was 0.125 mm instead on 
0.250. 
Results are presented in Table 7.10 for the compressive virtual test and in Table 7.11 
for the tensile cases. 
Table 7.10. FEM and analytical nredictions for virtual comnressive tests 
Crack initiation load kN 
ABA US Analysis 
Configuration Cohesive VCCT 1-D 2-D 2-D (Sym) 2-D (Unsym) 
A 742 623 n/a n/a n/a n/a 
B 764 596 n/a n/a n/a n/a 
Baseline 682 463 n/a 538 527 516 
C 612 485 254 603 533 526 
D 642 501 267 636 567 552 
Table 7.11. FEM and analytical predictions for virtual tensile tests 
Crack initiation load kN 
ABA US Analysis 
Configuration Cohesive VCCT 1-D 2-D 2-D Sm 2-D (Unsym) 
A 674 556 339 594 526 509 
B 648 505 351 604 538 538 
Baseline 684 465 337 591 544 534 
C 656 520 328 578 535 533 
D 570 444 329 601 565 548 
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Notably, the VCCT technique predicts crack initiation loads that are on average 23% 
smaller that the ones predicted by CE. This discrepancy is implicitly determined by 
the manner by which VCCT is formulated. To allow the starting crack closure 
calculation, one or more nodes must be disconnected. This could lead to stress 
concentrations at the crack tip, which could be significantly higher than the ones 
observed with CE. In the present study, all the nodes connecting the stringer foot to 
the skin at the very end of the foot mesh were disconnected along the entire foot 
width. 
Results show fairly good correlation between the present models and ABAQUS 
predictions. The one-dimensional approach appears conservative. Conversely, the 
two-dimensional approximate model (Chapter 5) is somewhat more optimistic if 
compared to the refined models. The symmetrical and unsymmetrical models predict 
crack initiation loads that are, in all cases, between VCCT and CE predictions. For all 
configurations, numerical and analytical predictions obtained for tensile and 
compressive cases are not dissimilar. The main difference between the two load cases 
is represented by the magnitude of the transverse displacements and, consequently, of 
the curvatures. Hence, in terms of local loads, the main difference is represented by 
the contribution of the local skin curvature that generates the modal component given 
by Equations (7.54a) and (7.54b). In the compressive case, transverse displacements 
are substantially larger than in the tensile case. It can be concluded that this modal 
component does not provide a significant contribution to the total SERR. This is 
confirmed by results obtained for configuration E under compressive axial load. The 
more restrictive boundary conditions did not influence the final crack initiation load. 
With reference to the skin, the axial strains at the top and bottom surfaces (in front of 
the stringer tip) were plotted against the load for all the two-dimensional analyses and 
compared with FEM. Results are presented in Figures 7.18. A to 7.21. A and 7.22. 
Similar comparisons are presented for tensile load cases in Figures 7.23. A to 7.28. A. 








c Gn. c 
The quantity IF defined in Equation (7.60) is essentially the left hand side of the 
interaction law (7.59) and represents an index of failure. Crack initiation occurs when 
IF equals one. No crack initiation arises when IF is smaller than one. IF can be 
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defined and calculated for all the meshless approaches and VCCT. It cannot be 
calculated in the case of CE analysis. However, the scalar degradation defined in 
Figure 7.16 can be used instead for comparative purposes. IF and scalar degradation 
at the crack initiation locations were calculated for all of the examined cases and are 
compared in Figures 7.20. B to 7.23. B and 7.25. B to 7.30. B. 
As shown in Table 7.10, no predictions were reported analytically for configurations 
A and B and C (for one-dimensional model only). This is because the crack initiation 
load is larger than the buckling loads. Therefore, numerical instabilities occurred that 
are reported, as an example, in Figure 7.20 for configuration A. However, both VCCT 
and CE numerical predictions showed that crack initiation (propagation in the case of 
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Figure 7.20. Compared axial strains in front of run-out tip (A) and indexes of 












o Top (FEM) - 
Bottom (FEM) 
Top (Unsym) 
Bottom (Unsym) ; 
Top (App) 
-- Bottom (App) :'% 
0 
anno 
-eon -son -4nn -200 0 -fin 
B 
o IF (Sym) $ 
+ IF (Approximate) 
IF (Unsym) 
. if (VCC1 
+ Scalar degradation 
(Cohesive) 
+ 
inn -Ann -R00 -400 200 0 --- --- --- Load, kN Load, kN 
Figure 7.21. Compared axial strains in front of run-out tip (A) and indexes of 
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Figure 7.22. Compared axial strains in front of run-out tip (A) and indexes of 
failure (B) for compressive axial loads. Configuration C 
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Figure 7.23. Compared axial strains in front of run-out tip (A) and indexes of 
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Figure 7.24. Compared axial strains in front of run-out tip for compressive axial 
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Figure 7.25. Compared axial strains in front of run-out tip (A) and indexes of 
failure (B) for tensile axial loads. Configuration A 
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Figure 7.26. Compared axial strains in front of run-out tip (A) and indexes of 
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Figure 7.27. Compared axial strains in front of run-out tip (A) and indexes of 
failure (B) for tensile axial loads. Baseline configuration 
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Figure 7.28. Compared axial strains in front of run-out tip (A) and indexes of 
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Figure 7.29. Compared axial strains in front of run-out tip (A) and indexes of 
failure (B) for tensile axial loads. Configuration D 
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Figure 7.30. Compared axial strains in front of run-out tip (A) and indexes of 
failure (B) for tensile axial loads. Configuration F 
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The proposed two-dimensional models appear to adequately capture the structural 
behaviour both in terms of strain readings in front of the run-out tip and in terms of 
crack initiation loads. The two-dimensional approximate model presented in Chapter 
5 yields more optimistic predictions. This is due to two reasons: 
1. The internal in plane axial load distribution (Ni) is assumed to be constant and 
equal to the uniform load applied on the edge c (Figure 7.17). The findings of 
Chapter 6 suggest that the internal N,, distribution is such that the in-plane load 
calculated in front of the run-out tip is somewhat magnified compared to its 
far field value on edge c. 
2. The overall deformations are slightly under-predicted if compared with the 
refined symmetrical and unsymmetrical models. 
Both of these arguments are confirmed by the strain comparisons presented in Figures 
7.20 to 7.30. 
All the analytical models show similar IF trends if compared to VCCT. Conversely, 
significant discrepancies are evident from comparisons to the scalar degradation 
parameter that represents failure predictions obtained by means of CE. However, the 
scalar degradation is a parameter that does not have physical interpretation. Therefore, 
it is not directly comparable to IF. 
Tables 7.10 and 7.11 show that no significant differences are found between the 
compressive and tensile cases in terms of crack initiation loads. This means that mode 
II is the predominant failure cause. 
7.5 Conclusions 
The sub-modelling and the multi-scale modelling validations have shown good 
results. The experimental results have confirmed that the approximate ply drop-off 
model can reasonably capture the experimentally observed trends. The multi-scale 
approach validation has confirmed that the two-dimensional models are well 
correlated with the FEM in terms of stress and strain fields. 
Some uncertainty emerged from the comparisons in terms of crack initiation. The 
one-dimensional approach is, as expected, conservative compared to both VCCT and 
CE techniques. However, its use as a fast industrial tool for early-stage design 
assessments appears reasonable. The two-dimensional models provide more realistic 
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and reliable results. The approximate two-dimensional model yields predictions that 
are closer to the ones obtained by means of CE. Conversely, the refined approaches 
provide results that are very similar, both positioned between VCCT and CE crack 
initiation values. Further studies are recommended to compare numerical and 
analytical analyses to experimental results. 
It is also important to calculate the buckling loads in conjunction with crack initiation 
predictions. As shown in Figure 7.18, the numerical instabilities arising in the 
proximity of buckling could severely affect the reliability of the proposed models. 
The following chapter focuses on the use of the models already developed to predict 
buckling loads for a variety of configurations and boundary conditions. 
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8. Analytical calculation of buckling loads 
A meshless approach is developed and used to predict buckling loads of discretely 
assembled composite panels made from skin and stiffeners. Particular emphasis is 
given to stringer run-outs within a stiffened panel, where abrupt eccentricity can 
trigger very large transverse displacements of the skin in front of the run-out tip and 
perturb the internal in plane loads distribution. The effect of load eccentricity is 
included in the formulation. The final set of governing equations is obtained by 
combining von Karman's formulation for moderately large deflections in plates with 
an extended Timoshenko's approach for small initial perturbations. Solutions are 
calculated by means of a Rayleigh-Ritz approach in conjunction with a Galerkin 
technique. Orthogonal eigenfunctions are employed to expand the variables of interest 
in generalized Fourier series. An iterative algorithm is proposed to calculate buckling 
loads of unsymmetrical configurations. Limits of applicability, convergence of results 
and further potential exploitations are discussed. Numerical results obtained are 
compared with finite element analysis. 
8.1 Introduction 
It has been shown in Chapter 7 that bending moments induced by abrupt eccentricities 
have considerable influence on crack initiation in composite stiffened panels. In 
bolted metallic designs, components are not exposed to delamination and disbond. 
Therefore large displacements and post-buckling regimes are tolerated, thus offering 
significant weight reduction. Composite structures are appreciably more sensitive to 
through-the-thickness stresses that are exacerbated by large displacements. Large 
displacements triggered in the highly non-linear regimes, such as post-buckling, could 
lead to unstable crack initiation and growth at the skin/stringer interface, severely 
compromising the structural integrity. 
Large transverse displacements imply large curvatures and transverse bending 
moments. As a consequence, the associated strain energy release rate components 
could hazardously approach the critical value. Therefore, buckling phenomena in 
composite stiffened panels is treated with caution and most of these types of structure 
are not allowed to buckle below DLL [Meeks et al, 2005]. The weight penalty 
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associated can be aggravated by the lack of accurate analytical methods to calculate 
buckling loads in panels with stringer run-outs. 
Despite the fact that FEM has been proven to be able to provide realistic predictions 
of initial disbond [Falzon and Davies, 2003-BI, the large computational times, in 
conjunction with the rather significant sensitivity of the results to the mesh size, 
hinder its use as a main tool for preliminary phases of aircraft design. 
Mittelstedt [20071 proposed a closed form solution for buckling of composite 
assemblies with periodic boundary conditions. Results were encouraging but 
unfortunately not applicable to panels with stringer terminations. In such structures, 
the eccentricity of the in-plane loads induces localized transverse bending, which 
affects the pre-buckling behaviour and could significantly influence calculation of 
buckling loads. Diaconu and Weaver 120051 implemented a Galerkin-based technique 
to calculate buckling loads and post-buckling displacements of infinitely long 
composite plates. The technique is not directly applicable to stiffened panels with 
stringer termination. However, it demonstrates the suitability of meshless methods to 
envisage non-linear behaviours and calculate buckling loads in composite structures. 
There is an objective need for simple analytical solutions that guarantee considerable 
reduction of computational efforts, yet capture the essential mechanics of the 
problem. 
Four different models to predict the initiation of skin/stringer disbond were presented 
and validated in Chapters 4,5,6 and 7, which correspond to different levels of 
accuracy. These models represent a valid cost-efficient alternative to FEM especially 
in the preliminary phases of aircraft design. It was shown that analytical predictions 
were in reasonably good agreement with advanced non-linear FEM predictions and 
with test results. 
The two refined models for symmetrical and unsymmetrical configurations described 
in Sections 6.1 and 6.2 respectively have proved more accurate due to their capability 
of capturing the internal in-plane loads redistributions. Such effects originate from the 
stress field perturbation introduced by the presence of the stiffener and can 
appreciably influence the transverse displacement field. As such, the refined models 




It was shown in Chapter 6 that the validity of the approximate solution obtained by 
means of the refined approaches is limited to cases for which the transverse 
displacements are moderately large. In this case the equations governing the 
symmetrical model can be straightforwardly inverted, while an approximate iterative 
approach can be used to solve the unsymmetrical model instead of a fully non-linear 
algorithm. 
When the transverse displacements become very large, or if the external in-plane 
loads approach their critical (buckling) amplitudes, the models become inadequate 
and a fully non-linear approach is required. There are two main reasons causing the 
approximate models to become inadequate. 
iii. When the external loading system is sufficiently close to its critical 
magnitude, Equation (4.26) cannot be straightforwardly inverted as the 
determinants of both G and H matrices tend to zero. The reason is implicit 
in the mathematical definition of buckling. The critical loading condition 
causes a simultaneous diagonalization of both matrices [Kollar and 
Springer, 1994]. 
iv. If the maximum absolute value of the transverse displacement w, n, reaches 
the threshold beyond which the approximate non-linear approaches become 
inadequate and a fully nonlinear approach is required in order to obtain 
accurate structural responses. Bruhn [19731 fixed the upper bound of the 
linear regime at a ratio between maximum transverse displacement and skin 
thickness approximately equal to 0.1=0.2. For ratios in the range of 0.2=1 
[Kirchhoff, 1850; Timoshenko, 1934; Bruhn, 19731 the simplified 
Kirchhoff's second order non linear kinematical equations (5.1) provide 
accurate description of the strain-displacement relations and the regime is 
typically referred to as moderately large displacements [Timoshenko, 
19341 . For ratios exceeding 1, the regime becomes highly non-linear and 
more accurate kinematical representations are needed in conjunction with 
fully non-linear algorithms to solve the discretised equations. 
Aircraft wing panels are generally thick-sectioned composite assemblies. As such, the 
transverse displacement field is, in most of the cases, moderately large. Hence, the 
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models presented in Chapter 6 are able to predict the structural behaviour with 
reasonable accuracy and reliability. 
In thin configurations, high non-linearities could occur in the pre-buckling regime and 
at relatively small loads. As a result, the accuracy could be affected. However, some 
validations are presented in the following sections, which show fine accuracy also 
when modelling thin configurations. 
8.3 Linear buckling of symmetrical configurations 
8.3.1 Governing equations 
The governing equations for pre-buckling of symmetrically laminated panels were 
described in Section 6.1 
= c-'L (6.22) 
[G+H]W =Q-He (4.26) 
Equation (6.22) is the discretised form of the linearised compatibility Equation (3.28). 
It can be inverted independently from the discretised transverse equilibrium equation 
and yields the coefficients ýj. Such coefficients permit a complete generalised Fourier 
series expansion of the Airy stress function (3.22). Once the Airy stress function is 
obtained, matrices H and H can be calculated and the transverse equilibrium 
Equation (4.26) can be inverted. 
For a linear buckling analysis, the external transverse loads, namely the external 
transverse load Q and the effect of the neutral plane eccentricity lie, are neglected. 
Only the magnitude of the in-plane loads is of importance for the onset of buckling 
[Timoshenko and Gere, 19611. It is assumed that the presence of transverse loads 
and/or eccentricity only influences the deformed shape of the panel when the external 
load has reached the critical buckling level. The effect of eccentricity is formally 
equivalent to a localised transverse bending moment, which does not affect the 
membrane stretching in a linear calculation. Neglecting the right hand side of 
Equation (4.26), the associated eigenvalues problem is expressed by [Kollar and 
Springer, 19941: 
(H-'G +AI)W=0 (8.1) 
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where I is the identity matrix. There are MxN cigenvalues A, and associated 
eigenvectors Wß. 1 1. 
The linearity of the problems requires the knowledge of the external in-plane stress 
resultant vector only. The buckling loads are subsequently calculated assuming that 
the mutual ratios between the components NY,,, N,  and N,,,, remain fixed. In fact, the 
buckling load is a function of these ratios only and does not depend upon the value of 
the loads once the ratios are fixed. 
The lowest eigcnvallue it,., ý,;,, and 
its associated eigenvector W.,....... are related to the 
buckling loads Nc, and to the buckling mode shape n'cr(x, 1') by Kollar and Springer, 
19941: 
N. 
o tt .ý N 
ý. ý. _ 







Equation (8.2a) explains the physical meaning of the minimum eigenvalue. It is the 
ratio between the buckling load and the actual load amplitude. 
8.3.2 Convergence Study and Buckling Loads 
To validate the analytical calculation of critical buckling loads, a composite 
assembled panel (Figure 8.1) consisting of a square skin and a rectangular 











Figure 8.1. Reinforced panel. Geometry (A) and plant view (B) 
Details on geometry, material properties and stacking sequences of the components 
are found in Tables 8.1,8.2 and 8.3, respectively. 
Tnhk' R1 Cenmt4rical nnrameters 
mm I, mm IP mm b Immi 
100 100 40 20 
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Table 8.2. Lamina properties 
Component Ei, I11Pal El I\1Pal Ci 1 INIPal v, 1 Thickness Innil 
Patch 150000 8800 4800 O. 35 0.2 
Skin 150000 8800 4800 0.35 0.2 
Table 8.3. Stacking sequences 
. 
Component Stacking Sequence 
Patch 090 45 -45 
Skin 0/90 s 
A series of comparisons with finite clement analysis were carried out tür fie different 
load-cases. The analyzed load-cases are listed below: 
1. Axial compression (Figure 8.2. A) 
2. Bi-axial compression (Figure 8.2.13) 
3. Combined shear and axial compression, shear Compression ratio equal to 1. 
(Figure 8.2. C) 
4. Combined shear and axial compression, shear, compress ioil ratio equal to 1. 
(Figure 8.2. D) 
5. Pure shear. (Figure 8.2. F). 
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Figure 8.2. Load cases. Pure compression (A), hi-axial compression (B), 
combined shear-compression (C), combined shear-compression and reN cried 
shear (D), and pure shear (E) 
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For each analyzed load-case, corresponding boundary conditions are reported in Table 
8.4. The eigenfunctions used to model the compatibility stress function V', are: 
X; `) = g (x), Y(`) = sin (a,, y) (6.31 a, b) 
To expand the transverse displacement w, the same number of eigenfunctions was 
used for both x- and y-directions (M = N). 
Table 8.4. Boundary conditions 
De rees of Free dom 
Edge ux u x (Pv w 
a Restrained Restrained Free Restrained Restrained 
b Free Free Restrained Free Restrained 
Load case A 
c Free Restrained Free Restrained Restrained 
d Free Free Restrained Free Restrained 
a Restrained Restrained Free Restrained Restrained 
b Free Restrained Restrained Free Restrained 
Load case B 
c Free Restrained Free Restrained Restrained 
d Free Restrained Restrained Free Restrained 
a Restrained Restrained Free Restrained Restrained 
b Free Free Restrained Free Restrained 
Load case C c Free Free Free Restrained Restrained 
d Free Free Restrained Free Restrained 
a Restrained Restrained Free Restrained Restrained 
b Free Free Restrained Free Restrained 
Load case D c Free Free Free Restrained Restrained 
d Free Free Restrained Free Restrained 
a Restrained Restrained Free Restrained Restrained 
b Free Free Restrained Free Restrained 
Load case E c Free Free Free Restrained Restrained 
d Free Free Restrained Free Restrained 
Furthermore, in order to quantify the effect of the compatibility stress function, two 
different buckling analyses were carried out and compared with finite element results. 
The first buckling analysis is done by solving Equation (6.2) and calculating the 
buckling loads, assuming the total Airy stress function is given by: 
f2 
- V/e + V/, 
(8.3) 
The second analytical calculation was carried out by neglecting the compatibility 
equation and arresting the in-plane stress field calculation to satisfy the equilibrium 
stress function only. In this latter case, the Airy stress function is: 
KI = We (8.4) 
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Both the equilibrated and the equilibrated and compatible solutions were compared 
with finite element responses. The critical minimum eigenvalues found analytically 
were divided by the critical eigenvalues calculated by means of FEM, and results are 
reported in Figure 8.3. The same FEM model used in Chapter 6 and described in 
Section 6.1.5 was used in the present study. A series of preliminary analyses showed 
that FEM results are accurate and not affected by the mesh size employed. The 
sensitivity of both solutions to the total number of functions used to expand the 
transverse displacement and the compatibility stress function was studied, in order to 
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Figure 8.3. Convergence study. Equilibrated and compatible solution (A). 
Equilibrated solution (B) 
Both solutions converge with five or more eigenfunctions, but the convergence rate 
and the accuracy obtained by using the combined equilibrated and compatible 
solution are improved. However, the accuracy is more than acceptable for both cases. 
A further comparison between the two solutions is presented. 
The induced error was defined for both analyses as: 
error = 'min 





The error is plotted against the total time required to complete the analysis and results 
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Figure 8.4. Calculation times. Equilibrated and compatible solution (A). 
Equilibrated solution (B) 
While providing improved accuracy and faster convergence rates, the use of the 
compatibility stress function gives calculation times that are between 80% and 90% 
greater than the calculation times required by solving the buckling problem, making 
use of the equilibrium stress function only to determine the in-plane stress field. In the 
equilibrated and compatible case (Figure 8.4. A), the error induced is between 2.5% 
and I. 5% after It) seconds of computation. In contrast, for the equilibrated case 
(Figure 8.4. B), the error is stably confined within a broader range (-4%=2.5%), but 
after 4 seconds only. However, both solutions require computational efforts, which 
are negligible if compared to the calculation times required by FEM (more than 80 
seconds per each load case were observed). It is emphasized that the computation 
times reported do not include model set-up, which, is of course, much larger in the 
case of FEM analysis. The use of either solution technique is shown to perform better 
than FEM. Of course, the degree of accuracy achievable is excellent if employed in a 
preliminary sizing phase of an aircraft design, when hundreds of load cases need to be 
analyzed. In such cases, a relatively, simple parametric model may be more suitable 
than highly detailed analyses. It must be noted that, for each solution, at least thirty 
percent of the calculation time is utilized in computing the G matrix. This matrix does 
not depend on the in-plane stress function, but only on the boundary condition (and 
therefore on the chosen coordinate functions) assumed for the transverse displacement 
it,. Therefore this calculation is only required once, and need not be repeated for 
different external loads. 
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8.3.3 Interaction Curves and Sensitivity Analysis 
To assess the sensitivity of buckling loads and mode shapes to the geometrical 
parameters and to the boundary conditions, additional analyses were carried out and 
compared with FEM. A typical aeronautical panel was taken as a baseline. A skin and 
a T-shaped stringer characterise the composite assembly. The stringer is run-out Is 
illustrated in Figure 8.5. The geometrical parameters of the baseline are reported in 
Table 8.5. Stacking sequences are shown in Table 8.6. For convvenience, the same 







Figure 8.5. Panel geometry 
Table 8.5. Geometrical Parameters for Rase-line 
i 
h, ýý"t, 
mm mm ' foot, MM nom mm 
100 200 100 40 20 
Table 8.6. Stacking sequences 
Part Stacking Sequence 
Ph thickness, 
nlnl 
Skin [0/45/90/0/-45/0/'90]2s 0.2 
Foot [0/45/0/90/0/-45/0]s 0.2 
Web [0/45/0/90/0/-45/0]2s 0.2 
The first series of comparisons were carried out in order to assess the effect of several 
different boundary conditions. Referring to the notation for the four edges used in 
Figure 8.5, the examined cases are reported in Table 8.7. 
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Table 8.7. Enforced boundary conditinnc 
Enforced Boundary Conditions 
(SS= Simply Supported C=Clamped) 
Geometry Configuration Name a b c d 
BI SS SS SS SS 
BASELINE 
B2 C C C C 
B3 SS C SS C 
B4 C SS C SS 
To assess the effect of flexural/twist anisotropy on buckling loads, the following non- 






D12 + 2Dý (8.6a, b, c) CD, 
>D3 4D 
iDez D>>D 22 22 
were calculated for each sub-domain with results shown in Table 8.8. The values of S 
and gare much less than 0.1, indicating that flexural/twist anisotropy effects are small 
[Weaver and Nemeth, 20071. Furthermore, a value of ß< 1 indicates relatively poor 
buckling performance compared with the quasi-isotropic lay-up. As such, the lay-ups 
used are not highly efficient with respect to buckling resistance but do have relatively 
good axial strength characteristics (due to relatively large percentage of 0° plies). 
Table R_R_ Non-dimensional narameters 
Sub-domain S 7 ß 
Skin 0.03 0.0247 0.616 
Skin/foot 0.0153 0.0112 0.623 
Skin/foot/web 0.000628 0.000339 0.28 
Mean value 0.0283 0.0232 0.6119 
For each configuration, the smallest buckling loads were analytically calculated for a 
variety of shear/compression ratios and interaction curves were calculated and 
compared with finite element responses. Results are reported in Figures 8.6 and 8.7. 
Superposed are the interaction formulae, derived by Weaver and Nemeth [20081, for 
long orthotropic plates under combined loading. These are: 
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Rx + R, "9'0 'fl <1 (8.7) 
where R represents the ratio of critical load for the combined-loading state to critical 
value of the corresponding load acting alone. The subscripts x and s refer to the axial 
and shear load, respectively. Although not derived for buckling of panels with stringer 
run-outs under combined loading, the close match with the present analysis is notable. 
Comparisons show excellent correlation with FEM. However, a decrease of accuracy 
is noted with respect to the first simple configuration analysed in the previous Section. 
The analytical calculations show an overall conservatism if compared with FEM, in 
the buckling loads prediction for configuration B1 (Figure 8.6. A), where the induced 
error in the calculation of the buckling load under pure compression is negligible, 
while the shear buckling load is underestimated. In contrast, configurations B2 and B4 
(Figures 8.6. B and 8.7. B respectively) show excellent correlation for the buckling 
loads under pure compression, but increasingly over predict, as the shear/compression 
ratio tends to zero. Finally, configuration B3 (Figure 8.7. A) shows overestimated 
compression-buckling loads and slightly underestimated shear-buckling loads. 
However, it must be emphasized that the induced error is constant within the range - 
8% = +10% for all of the examined configurations and for all of the 
shear/compression rations. Furthermore, calculation times were negligible and also 
possess the advantage provided by a fully parametric model. Finally, it is noted that 
the use of different sets of functions to model the out-of-plane displacement may 
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Figure 8.7. Interaction curves. Configuration B3 (A). Configuration B4 (B) 
Examples of analytically calculated mode shapes are provided in Figures 8.8,8.9 and 
8.10 for there different loading and boundary conditions. Comparisons with FEM 
show that the shapes are adequately captured by the analytical model. 
AS 
x 
Figure 8.8. First buckling mode for configuration BI under pure compression. 
Model (A) and FEM (B) 
YA B 
Figure 8.8. First buckling mode for configuration B2 under pure compression. 
Model (A) and FEM (B) 
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A H 
Figure 8.10. First buckling mode for configuration B2 under combined shear and 
compression (shear/compression ratio equal to 1). Model (A) and FEM (B) 
In order to assess the sensitivity of the panel's buckling loads to the geometrical 
parameters, additional sensitivity analyses were performed. In the first set of analyses, 
the effect of the panel length lr was studied. Configurations BI and B2 were analyzed 
and buckling loads were calculated under pure compression loading condition. 
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Figure 8.11. Buckling load sensitivity to panel length. 
Comparisons show that the average trend is reasonably captured by the analytical 
approach. However, the effect of the panel x-wise length appears to be smoother in 
the analytical predictions than in FEM. For configuration BI, in the range of 1, 
between 300 mm and 250 mm, the buckling loads decrease as the total length 
decreases. The trend is then reversed in the lower range (lr between 250 mm and 200 
mm). With reference to Figure 8.5, mode shapes are plotted x-wise along the central 
Section AA. 
Results are reported in Figures 8.12,8.13 and 8.14. A noticeable change in the mode 
shapes occurs when the length varies from 300 mm (Figure 8.12. A) to 260 mm 
(Figure 8.13. A). While for long panels a buckling mode could occur which is 
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localized in the skin in front of the run-out tip (Figure 8.12. A), as the length decreases 
the buckling of the panel alters frone a more localized mode involving part of the 
panel only (the skin beyond the stiffener tip), to a more global phenomenon involving 
the stiffener. In this phase, the effective free x-wise length panel increases, hence a 
reduction of the buckling loads is observed. As the length continues to decrease, the 
buckling nodes remain self-similar (i. e. a global buckling mode with a single x-wise 
half wave) and the buckling loads increase (Figures 8.13. B, 8.14. B and 8.15. A). The 
buckling localisation for larger length is also believed to cause the interaction curve to 
significantly deviate from the formula proposed by Weaver and Nemeth (Figure 
8.6. A). 
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Figure 8.12. Mode I shapes for panel BI of x-wise lengths equal to 300mm (A) 
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Figure 8.13. Mode I shapes for panel 131 of x-wise lengths equal to 260mm (A) 
and 240 mm (B) 
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Figure 8.14. Mode I shapes for panel BI of s-wise lengths equal to 220mm (A) 
and 200 mm (B) 
For configuration B2, the buckling loads increase almost linearly a' the panel leiieth 
decrease. When the length varies from an initial value of 300 mm (baseline pancl- 
Figure 8.15. A) to 260 mm (Figure 8.16. A), the buckling modes appear to he self- 
similar, therefore the buckling loads increase as the length decreases. As the length 
continues to decrease, a change in the mode shape occurs. Again, the buckling of the 
panel alters from a two _v-wise 
half waves phenomenon (more accentuated in the skin 
beyond the stiffener tip), to a more global phenomenon also involving the stiffener. 
The buckling loads then increase as the length decreases. The increase takes place at a 
smaller rate (Figure 8.11 ) as the amount of energy required to include the eIi 'ct,, of 
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Figure 8.15. Mode I shapes for panel B2 of x-wise lengths equal to 300mm (A) 
and 280 nom (B) 
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Figure 8.16. Mode f shapes for panel B2 of x-wise lengths equal to 260mm (A) 

















Figure 8.17. Mode I shapes for panel B2 of x-wise lengths equal to 220mm (A) 
and 200 min (B) 
In the second set of analyses, the effect of the web height was studied. 
Configurations 131 were analyzed in a first step and buckling loads were calculated 
under pure compression and pure shear loadings. Results are reported in Figure 
8.18. A. A second set of analyses was carried out. The effect of h,,,. h was assessed in 
configuration B2 under pure compression and with two different panel lengths: /, = 
300mm (baseline geometry) and 200mm. Results arc reported in Figure 8.18. B. 
Comparison with FE analyses show that the trend is well captured by the analytical 
approach. It must be emphasized that, for configuration B2, short panels are 
significantly more sensitive to the web height than long panels (Figure 8.18.13). In 
fact, as already seen in Figures 8.15,8.16 and 8.17, the buckling modes of panels with 
lengths between 300 mini and 250 mm are characterised by two half waves with an 
accentuated transverse displacement that is localized in the free skin region in front of 
the stringer termination. For lengths that are below 250 nom, the panel buckles in to 
node shapes, which are more global, i. e. the web is characterised by increased 
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transverse displacements. Therefore short panels are more sensitive to the web height 
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Figure 8.18. Buckling load sensitivity to web height 
8.3.4 Results discussion 
The results presented show noteworthy correlation between analysis and FEM. As 
shown in Figures 8.6 to 8.10, the present analysis guarantees good levels of accuracy 
both in terms of buckling interaction curves and mode shape calculation. Although the 
method is in some cases slightly optimistic (if compared to FEM) with regards to the 
calculation of buckling loads in pure compression, some observations are mandatory: 
1. In preliminary phases of aircraft design, there is an objective need for Simple 
analytical solutions that guarantee considerable reduction of computational 
effort. Furthermore, it is well known that in commercial aerospace industry, 
predictions that are slightly optimistic are always knocked down by subsequent 
introduction of statistical and environmental knockdown factors. Hence 
methods which yield moderately optimistic predictions are not necessarily 
unsafe and can be deployed, in conjunction with the use of appropriate 
experimental correction factors, for preliminary assessments of structural 
strength and behaviour. 
2. Despite being widely accepted that FEM is able to provide realistic predictions, 
the large computational times associated in conjunction with the rather 
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significant sensitivity of the results to the mesh size discourage its use as main 
tool for preliminary phases of aircraft design. In the present study no sensitivity 
analyses were undertaken to show that FEM predictions had converged, and the 
mesh size was chosen based on the author's experience [Cosentino, 20071. The 
employed mesh appears to be sufficiently refined to offer reasonably acceptable 
results within computational times, which are suitable for the purpose of this 
study. It is realistic to forecast the use of more refined meshes for industrial 
purposes, which lead to much larger computational effort and time. The present 
analysis shows that computational times are already more than 10 times smaller 
than the ones associated with the use of two-dimensional coarse FEM. The gap 
would be exacerbated if a more refined mesh was used, especially in 
conjunction with a fully three-dimensional model. 
3. A major advantage related to closed form solutions is that they are readily 
implementable in parametric form for optimization techniques. Hence, the 
employment of analytical solutions is strongly encouraged for preliminary 
design phases, as it could minimize superfluous and costly weight saving 
routines that characterise subsequent phases. Due to restricted timescales, 
aerospace industries are often obliged to launch different design phases in 
parallel thus causing overlaps between the end of one phase and the beginning 
of the subsequent. Avoiding undesirable structural changes is therefore a key 
driver from a risk assessment perspective. For this reason the use of much faster 
solutions is globally better performing even if in conjunction with a small loss 
of accuracy. 
For the reasons exposed above, the present analysis is believed to be suitable for 
preliminary design phases. Furthermore, to the best of the author's knowledge no 
analytical methods are available in the literature, which predict the effect of in-plane 
loads redistribution (due to the presence of an incomplete stiffener terminated mid- 
bay along the bay length) on the buckling loads. It is recognized that further potential 
exploitation of the present analysis are possible. For example, in co-bonded and co- 
cured composite assemblies, the in-plane load transfer from the skin to the 
skin/stringer section is actuated by interlaminar shear stresses arising within the bond- 
line. A more comprehensive model that includes transverse shear stresses could be 
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implemented and employed in conjunction with the present approach in order to 
provide fast and accurate calculation of interlaminar stresses. 
8.3.5 Conclusions 
A meshless approach was developed and used to predict local and global buckling of 
discretely assembled multi-bay composite panels made from skin and stiffeners. 
Numerical results were compared with finite element analysis and show very good 
correlation in terms of in-plane loads distribution and buckling loads calculation. The 
use of either solution (equilibrated, and equilibrated and compatible) found for in- 
plane linear equilibrium appears to offer good levels of accuracy and notable 
efficiency and flexibility compared with complementary finite element calculations. A 
robust and efficient method for quick evaluation of buckling loads of composite 
panels with stringer run-outs was presented. If used for industrial purposes, the 
accuracy could be further improved by defining knockdown factors in order to render 
conservative predictions. 
8.4 Quasi non-linear buckling of unsymmetrical configurations 
8.4.1 Introduction 
Results obtained in Chapter 6 suggest that, in unsymmetrically laminated 
configurations, considerable in-plane loads redistribution might occur during the pre- 
buckling regime. In the aerospace industry, for sizing purposes, the effect of 
transverse displacements on the buckling calculation is sometimes taken in to account 
by introduction of semi-empirical knockdown factors used to adjust the linear analysis 
[Falzon and Davies, 2003-B1. Consider, for example, a symmetrically laminated flat 
composite panel pre-loaded by transverse pressure and then undergoing uniaxial 
compressive load. If the magnitude of pressure is sufficiently large to trigger 
significant transverse displacements (for instance in thin-sectioned panels), but not 
enough to cause important membrane stretching, then the buckling loads calculated 
with and without considering the pressurization phase are identical. The effect of the 
pressure is comparable to an initial perturbation and the classical two-dimensional 
Euler's formulation remains valid. In the linear regime, as the external load increases 
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in magnitude, the in-plane stresses distribution typically varies in a self-similar 
manner. Hence, the calculation of buckling loads does not depend on the actual level 
of the external loads. In contrast, the findings of Chapter 6 reveal that in-plane stress 
redistribution takes place in unsymmetrical configurations. Composite panels with 
stringer terminations show undergoing relatively large transverse displacements, 
which are coupled with the in-plane loading due to the eccentricity of the neutral 
plane. Such configurations exhibit in-plane stress distributions that vary in a non self- 
similar manner as the magnitude of the external loads increases. Therefore, the 
calculation of buckling loads can be significantly affected by the actual maximum 
load level inputted to solve the eigenvalue problem (8.1). Hence, a different approach 
is required to solve the eigenvalue problem for unsymmetrical configurations. 
8.4.2 Governing equations 
The following iterative algorithm: 
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+L1NxO, lk +L13Nxyok +LyNyok} (6.48b) 
was used in Section 6.2 to calculate the transverse displacements and the 
compatibility component of the Airy stress function. 
Indicating the actual external load vector as No, each load step is related to the actual 
load by: 
Nxo, lk 1 1Nxo, l 
Nyok =NN yo (6.45) 
Nxyok P 1yoJ 
where Np is a reasonably large number of load steps discretising the load path from 
the unloaded base state (k = 0) to the actual load level (k = Np). 
Once the iterations have been completed, the actual (approximate) w and S2 are 
known, the eigenvalues problem (8.1) can be solved. 
However, the non-linearity of the system of governing Equations (4.26) and (3.157): 
LIZ; +LWw =LA +LXN,, o, +LvN,, a +LyNy0 (6.42) 
[G + H]W =Q- He (4.26) 
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suggests that the calculated minimum buckling load is a function of the actual load 
level: 
No, cr= f(No) (8.8) 
The eigenvalues problem (8.1) is an intrinsically linear solution (Timoshenko and 
Gere, 19611. The calculation of eigenvalues and eigenvectors is based on the 
assumption that Equation (4.26) describes a stress field that varies in a linear manner 
as the loads increase from the actual level to reach the buckling level. In reality, for 
unsymmetrically laminated composite panels, this assumption is too restraining. The 
internal in-plane load distribution varies in a non self-similar manner as the external 
load increase. Consequently, the transverse displacement fields undergo similar 
trends. To accurately employ a linear buckling calculation, such as (8.1), to solve an 
intrinsically non-linear problem, it is therefore required that the actual load level is as 
close as possible to the critical load level. This condition ensures that negligible non 
self-similar variations occur when the load varies from the actual level to reach the 
critical level. This can be mathematically expressed by the following condition: 
_ 




Assuming that the ratios between the components Nxo,, ,N yo and N3o are 
fixed, 
Equation (8.9) expresses the fact that the calculation of buckling loads becomes more 
and more accurate as the actual magnitude of external load No approaches the 
magnitude of critical load. 
Furthermore, the findings of Chapter 6 (Figures 6.11 and 6.13) demonstrate that when 
the actual load approaches the buckling load, numerical instabilities are generated 
when solving iterations (6.42) and (4.26). Results obtained are inconsistent when the 
actual load exceeds the buckling level. 
Therefore, in order to obtain reliable results, the value of the maximum external load 
inputted and used to calculate buckling loads must tend to the critical load from 
below: 
No <_ No, cr (8.10) 
Therefore, the use of an initial guess, which is as large as possible and compliant with 
condition (8.10), is generally recommended in order to improve the effectivity of the 
proposed analysis. However, an additional constraint is due to the limits of 
applicability of the present model. In fact, if the maximum value of the non- 
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dimensional ratio wits (where w is the transverse displacement and t, is the skin 
thickness) exceeds the threshold value that typically delimits the linear from the 
nonlinear regime, then the validity of the results obtained by means of the present 
approach might be rather inaccurate and a fully non-linear approach would be 
required. The value of 0.2 [Bruhn, 1973] was chosen for the aforementioned 
threshold value as break point for the calculation subroutine used to validate the 
present model. 
Two main parameters are recognized to affect the degree of accuracy of the present 
analysis: 
i. The magnitude of the initial guess No 
ii. The total number of load increments Nok 
With regards to the first parameter, the approach employed is described in the 
following steps: 
1. The buckling load calculated by means of the symmetrical model is used as 
first guess. 
2. The interval [0, No] is divided in a number Np of equal steps, each of those 
representing the discrete load increments Nok defined in Equation (6.45). 
3. Iterations (6.48a) and (6.48b) are performed and the eigenvalues problem 
(8.1) is solved at the end of each step until one of the following conditions 
is reached: 
1. Wma, /ts 0.2 
ii. kx Nok = 0.95 x NO, crk 
where N o, crk is the critical buckling load calculated using the actual load distribution 
at the end of each step. 
4. If none of the conditions above are verified, the initial guess is incremented 
by the nominal load increment Nok . 
5. Iterations 1 to 4 are performed until either condition i. or ii. is reached. 
With regards to the total number of steps used to discretize the load interval, a 
sensitivity study was undertaken to assess this effect and to choose a suitable number 
of load steps. This ensures the best compromise of accuracy and calculation time. 
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8.4.3 Convergence analysis 
The buckling loads of the reinforced panel illustrated in Section 6.2 were calculated 
and compared with a non-linear FEM calculation for three different load cases. 
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Figure 8.19. Compared buckling loads and sensitivity analysis 
Although the total number of steps required to achieve convergence appears large, 
after 30 steps the convergence slope is sufficiently small to consider that the 
algorithm has converged. Computational times are reported in the axis located on top 
of Figure 8.19. It is noted that an average time that is between 10 and 15 seconds is 
required to complete the full analysis. This study was, of course, limited to the case of 
the panel studied in Section 6.2 and further sensitivity analyses would be required to 
thoroughly investigate the numerical behaviour for a variety of configurations and 
kinematical boundary conditions. However, this is beyond the scope of the present 
study. The aim of the sensitivity analysis performed was to set a number of steps in 
order to perform reliable buckling analyses and subsequent comparisons with FEM. 
8.4.4 Buckling interaction curves 
Buckling interaction curves were derived for a variety of cases using both the 
symmetrical and the unsymmetrical models. Results were compared with FEM. In a 
first batch of analyses, the interaction curves were obtained for the panel analyzed in 
Section 8.4.3. Two different sets of boundary conditions were considered, all edges 
simply supported and all edges built in respectively. Results arc reported in Figure 
8.20. A and 8.20. B. In addition, buckling interaction curves are calculated for a typical 
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20 40 60 80 100 
number of load steps, Np 
aerospace composite wing assembly consisting of a T-sectioned composite stringer 
and a skin. The panel is illustrated in Figure 8.21. The same lamina properties were 
assumed for both assemblies and details can be found in Table 8.5. Geometry and 
stacking sequences are reported in Tables 8.9 and 8.10 respectively. Comparisons 
with FEM are illustrated in Figures 8.22. A and 8.22. B. 
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Figure 8.20. Interaction curves for skin/patch type panel 
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Figure 8.21. Stiffened composite panel 
Table 8.9. Geometrical parameters 
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Table 8.10. Stacking Sequences 
Component Stacking Sequence 
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Figure 8.22. Interaction curves for stiffened composite assembly 
Table 8.11. Compared mean calculation times (excludes model set up) 
Model Calculation time (s) 
FEM - Linear 12 
FEM - Nonlinear 104 
Analysis (Symmetrical) 8 
Analysis (Uns nimetrical) 18 
It is noteworthy that the effect of asymmetry is, in the examined cases, unfavorable. If 
taken into account by means of more accurate models in conjunction with full (FFM) 
or approximate (present analysis) non-linear calculations, the calculation of buckling 
loads results in a considerable reduction, especially when the axial compression is the 
main component of the external loading. 
Notably, two FEM analyses (namely linear and non-linear) were completed in order 
to assess the effect of load redistribution. In the linear case, a small axial load was 
inputted and buckling loads were calculated using the linear perturbation buckling 
calculation JABAQUS, 20041. For the non-linear calculation, two steps were defined, 
which replicate the analytical strategy. A first non-linear step was defined in which 
the external load was set to a value equal to 80"r% of the linear buckling load calculated 
previously by means of the linear perturbation method. Then, linear buckling analyses 
were performed on the actual deformed configuration. It is noted that the calculation 
time needed to derive each point on the interaction curves is between 100 and 120 
seconds with FEM, which compared with 15 to 20 seconds required by the present 
model justifies the choice of the proposed analytical approach. Furthermore, it must 
be highlighted that the calculation times do not take into account the model set-up, 
which is the most expensive phase in terns of time for the FEM. The present 
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approach was implemented in a fully parametric tool that required negligible set up 
time, thus increasing the associated advantages. 
Figures 8.20 and 8.22 show that the effect of load redistribution is captured by FEM 
and significantly affects the buckling loads. Also, both the analytical approach and the 
FEM predict differences between the linear and non-linear approaches that increase, 
as the shear/compression ratio tends to zero (i. e. pure axial compression). Therefore 
the perturbation introduced by the stiffener significantly affects the axial in-plane load 
distribution but it produces minor effects on in-plane load redistribution, when the 
panel is loaded in shear. Furthermore, as expected, the disagreement of both 
predictions is larger in the simply supported case than in the case in which all the 
edges are built-in. The latter boundary condition is more restrictive in terms of 
induced transverse displacements; therefore the effect of the coupling stiffness matrix 
B is, to a certain extent, reduced as predicted by the compatibility equation. The 
degree of asymmetry was particularly exacerbated in the skin/patch type panel for 
illustrative purposes. Of course, stacking sequences and geometry chosen are not 
representative of typical aerospace structures. In contrast, the composite assembly 
illustrated in Figure 8.21 can be considered as an example of real sub-structure. 
Although made of a symmetric skin, the structural behaviour of such a structure is 
influenced by the geometrical asymmetry due to the presence of the stringer. 
Referring to Figure 8.1, the skin/flange/web and the skin/flange sections are 
intrinsically non symmetrical. The degree of asymmetry is reduced if a tall web is 
used, so that the section can be idealized as web only, and the local influence of 
flange and skin is negligible. However, as the web height increases, the B matrix 
increases in magnitude and its effect on the global structural response can be 
important. Furthermore, the secondary bending introduced increases with the web 
height, triggering significant transverse displacements. Hence, the combined effect of 
the components B, j and the transverse displacements is noteworthy. 
Therefore, panels 
with stringer run-outs exhibit structural behavior, which is intrinsically non- 
symmetrical. As such, in order to systematically calculate the critical buckling loads, 
an analytical or FEM model able to capture load redistributions by means of step-by- 
step procedures might be required. It is important that the procedure adopted follows 
the guidelines provided in Section 8.4.2, i. e. that the actual load tends to the critical 
buckling load from lower values. Also, the calculation of buckling loads should be 
performed at the end of each step, in order to make sure that the actual load has not 
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exceeded the buckling load. In fact, in such a case the linear calculation would be 
effected by different load redistributions that are triggered in the unstable regime but 
are not present within the stable regime. A nonlinear buckling calculation is 
recommended and should be preferred to other methods, such as bifurcation analyses. 
As shown in the present study, in highly eccentric configurations, the transverse 
displacements can be significant, even during the pre-buckling loading phase. Snap- 
through phenomena and sudden bending, on which the bifurcation analyses are based, 
may not take place. Therefore it is extremely difficult to estimate buckling loads if the 
transition from stable to unstable regimes is smooth. 
Finally, it is worth noting that satisfying equilibrium appears more important that 
satisfying compatibility. The findings of Chapter 6 show that in the stable regime and 
for loads approaching the buckling level, the average ratio between compatibility 
stress function, yic, and the equilibrium stress function, yp,, is between 1/10 and 1/5. 
The same ratio is observed between the maximum transverse displacement and the 
skin thickness. As a preliminary conclusion, the compatibility component to the 
overall stress function, n, can be considered as a perturbation when the transverse 
displacements do not exceed a threshold delimiting the linear and the non-linear 
regimes. Additional studies are required to further assess the effect of satisfying 
compatibility in highly non-linear regimes, such as those occurring in post-buckled 
structures. 
8.4.5 Conclusions 
A hybrid meshless approach was developed and used to predict pre-buckling and 
buckling of discretely assembled multi-bay composite panels made from skin and 
stiffeners. Numerical results obtained were compared with FEM and show very good 
correlation in terms of in-plane loads distribution and buckling loads calculation. The 
effect of eccentricity on the calculation of buckling loads was highlighted in the case 
of the present analysis and for analyses done with FEM. A strong link between non- 
linearity and eccentric/asymmetrical configuration was substantiated. The intrinsic 
limitations of the proposed approach were discussed. However, a thorough 
deployment of the present approach or of the FEM procedure proposed herein could 
require further tuning and calibration studies, which were beyond the scope of the 
present study. For example, the tolerances could be modified in order to fit with 
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available experimental data. The main aim of the present work was to highlight and 
quantify discrepancies that could arise when simple models are used to simulate more 
complex configurations such as composite panels with stringer terminations, and to 
propose a fast method for preliminary (but careful) structural assessments. 
9. Compound joints. A novel design principle 
A novel design principle is presented, which is able to significantly improve the crack 
initiation loads of composite panels with stringer terminations. Taking advantage of 
the stable crack growth in such structures, an artificial crack is introduced which 
promotes synergistic load transfer of the bolts with the bond line, drastically reducing 
the strain energy release rate at the run-out tip and increasing the load transfer 
capability of the joint. 
9.1 Introduction 
It was shown in Chapter 7 that the combination of material properties, and the 
transverse bending/axial stiffness proportions between skin and stringer, may strongly 
influence the sign of the local curvature at the run-out tip. This triggers load 
contributions to Mode I and Mode II that may cause failures dominated by 
significantly different modal contributions (Figures 9.1 and 9.2). 
Initial crack 
Base state Positive 
Deformed shape / (Mode II only) 
moment 
In-plane axial load 
(Mode II only) 
Figure 9.1. Example of initial crack due to a combination of a positive local 
bending and the in-plane load resultant. The initiation is solely mode 11 governed 
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D Base state A Initial crack 
Deformed shape 
Negative moment 
(Mode II and Mode II) 
In-plane axial load 
(Mode II only) 
Figure 9.2. Example of initial crack due to a combination of a negative local 
bending and the in-plane load resultant. The initiation is due an interaction of 
modes (mixed mode condition) 
Due to the eccentricity, the in-plane load induces a local curvature that, depending on 
its sign, could produce a peeling moment that will cause Mode I and/or Mode II 
coalescence. Referring to Figures 9.1 and 9.2, the following convention is introduced: 
" Positive moment (Figure 9.1): no contribution of Mode I is triggered and the 
structure may show, in general, larger failure loads. 
" Negative moment (Figure 9.2): it is the worst case. Contribution of Mode I is 
triggered proportionally to the amount of locally induced curvature. The structure 
shows, in general, appreciably smaller failure loads. 
It was assumed in Chapter 7 that the in-plane load triggers Mode II failure only 
[Williams, 19881, and the amount of Mode II excitation does not depend on the sign 
(tension of compression). It was also assumed that the transverse bending moment is 
potentially able to excite both Mode I and Mode II, and that the Mode I component 
vanishes only in the case represented in Figure 9.1 (positive moment). 
Under the aforementioned assumptions, three potential sub-classes of modal 
contributions were identified (see Section 7.2.4): 
1. Pure Mode II contribution due to the external in-plane load acting on the 
bottom adherend of the joint (skin part). 
2. Pure Mode 11 contribution due to the discontinuous moment increment AM. 
3. Pure Mode 11 or mixed mode contribution, due to local moment M,.. 
It is noteworthy that the Mode II contribution due to in-plane loads is always present. 
In fact, the primary load in wing covers is the local in-plane load due to the global 
bending of the wings (Chapter 2). Its contribution is a significant pure sliding fracture 
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mode. Nevertheless, the magnitude and the sign of local skin curvature (and therefore 
bending moments) at the run-out tip, represent important variables. 
To minimise modal contributions several design solutions were discussed in Chapter 
2. These entail: 
0 Tapering the web to generate a smoother in-plane load transfer 
0 Pre-tensioning the bolts and employ ad-hoc washers to produce local through- 
the-thickness compressive normal stresses 
0 Deploying ply drop-offs 
0 Extending the stringer foot beyond the web tip to minimise the abrupt 
variation in eccentricity 
" Thickening the skin beyond the bond-line tip Falzon and Davies, 2003-Al 
0 Tailoring the geometry in order to terminate the bond-line in a region where 
the local bending moment magnitude is negligible (Figure 9.3. B) 
LLML- 




Mode II dominated 
MD= 0 
Transition Mixed mode dominated 
(Mode II dominated) 
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47- 
Figure 9.3. Potential effect of the termination tip span co-ordinate on the induced 
transverse bending moment at the tip 
Although tailoring all the parameters could yield measurable increases in crack 
initiation loads [Falzon and Davies, 2003-BI, it is very difficult to predict the 
deformed shape with a reliable degree of confidence. The high non-linearity of the 
problem (exacerbated in compressively loaded configurations) causes the actual shape 
to vary in a non self-similar manner as the load increases. The tailoring of geometrical 
and mechanical parameter needs to thoroughly assess the sensitivity of the deformed 
shape to the changes in boundary conditions and in external loads. 
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For example. let us analyse the case in which the stringer termination is designed to 
minimize the bending moment at the bond-line tip (Figure 9.3.13). Because of' non- 
linearities, the deformed shape could significantly vary as the load increases... Hence, 
the design should be optimised to ensure the bond-line tip is stably close to the 
transition location (Figure 9.3. B), where the curvature is approximately zero. 
Unfortunately, this exercise requires a level of precision, confidence and reliability 
that is currently unavailable. 
To overcome these limitations, a radical change in design principle is required, which 
ensures modal contributions are minimised u-priori. 
In the present Chapter, a novel design principle is presented, which is able to 
significantly improve the crack initiation loads of composite panels with stringer 
terminations. Taking advantage of the stable crack growth in such structures, an 
artificial crack is introduced which promotes synergistic load transfer of the bolts with 
the bond line, drastically reducing the strain energy release rate at the run-out tip and 
increasing the load transfer capability of the joint. 
9.2 Background 
High modulus epoxy adhesives and long overlap lengths provide stiff load paths 
through the bond-line which, therefore, transfers the majority of the load. A series of 
theoretical investigations conducted by Hart-Smith 19821 have shown that for typical 
aerospace bonded-bolted joints, the adhesive transfers 98° of the applied load. 
Therefore, bolts do not significantly share load transfer with pristine bond-lines. 
However, their use is a mandatory certification requirement and drastically improves 
the fail safe and damage tolerance performances of aerospace structures l Kelly, 
20051. It was shown in Chapter 2 that the initiation of cracks is typically not allowed 
in aerospace structures below the Design Limit Load I FA A, 19961. The use of 
fasteners must, therefore, secure a redundant load path and provide Design Ultimate 
Load capability to the damaged structure, assuming the presence of it complete 
disbond between two consecutive crack arresting areas (typically bolted areas). 
Unfortunately, the assumption of a crack that propagates within the bond-line is a 
pure idealisation. In reality, failure often occurs due to crack initiation at critical 
locations and subsequent propagation. This happens progressively from layer to layer 
in such a manner that potentially leads to catastrophic failure (Fallon and Davies, 
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2003-A; Meeks et al., 20051. Cracks propagate within structures following 
unpredictable paths and cannot be enforced to propagate along a pre-determined path. 
Hence, where possible, crack initiation should be delayed or avoided to some extent. 
Kelly 12005 and 20061 conducted numerical and experimental investigations on 
bonded-bolted joints using instrumented bolts and several non-aerospace adhesives. 
His conclusions show that the structural performances of the joint improve as the 
compliance of the adhesive increases. Hart-Smith 119851 demonstrated that despite 
offering limited improvements in the global strength of the joint, the use of bonded- 
bolted joints successfully reduces the amount of damage generation. The 
bolted/bonded joints principle studied, for example, by Kelly 12005 and 20061, Hart- 
Smith 11982 and 19851, Fu and Mallick 120011 is based on the deployment of non- 
structural adhesives. These adhesives are generally much more compliant than the 
adhesives typically used for aerospace applications. Under external loads, compliant 
adhesives are subjected to large deformations which allow the holt to deform and 
transfer higher amounts of load. Unfortunately, such flexibility is not suitable for most 
aerospace applications. As a result, an alternative design principle is needed which is 
capable of considerably improving the global performance of the joint without 
penalising the bond-line in terms of strength and stiffness. 
9.3 Compound joint. Rationales 
As explained in the previous Section, in pristine classical configurations (Fig. 7. A), the 
bolts do not contribute to the in-plane load transfer. This is effected by transverse 
shear stresses arising within the bond line. The in-plane load N and the bending 
moment M are the main contributors to the total SERR at the run-out tip Cosentino, 
2008-BI. The in-plane load contribution arises from the uneven distribution of in- 
plane longitudinal (x-wise) axial strain across the thickness coordinate = IWilliams, 
19881. The bending moment is responsible for the peeling stresses (Mode I) and 
interlaminar shears (Mode II). 
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Figure 9.4. Load transfer scheme in typical (fully bonded) configurations (A and 
B) and in compound joints (C and D) 
For the sake of simplicity, it is assumed that (the assumption is not restricting) the 
local maxima of shear ( r) and peeling stresses ((-T, ) in the bond-line are proportional to 
the total amount of load that is transferred from the bottom adherend (Figure 9.4. A) to 
the global section of the joint (bottom and top adherends), and to the bending moment 
M respectively (Figure 9.4. B). As such, the load transfer mechanism is distinct from a 
conventional single lap joint where the load is transferred from the bottom to top 
adherend, or vice-versa. As an alternative design, if bonding is artificially eliminated 
in a certain area starting at the run-out tip and terminating beyond a certain number of 
bolts (non-bonded areas in Figures 9.4. C and 9.4. D), a percentage of the in-plane load 
is transferred to the top adherend by the bolts, which are free to bend. With reference 
to the notation used in Figure 9.4. C, the fasteners transfer the loads N, I and . 
ti's. , 
respectively. Beyond the last bolt (furthest left in Figure 9.4. C' ) and at the beginning 
of the bond-line, the by-pass load in the Tower adherend (Nj,, _, 
) is diminished by the 
total load transferred by the bolts; while the load already transferred to the upper 
adherend (N,, )ß,, 2) is incremented 
by the same quantity. As a consequence, the strain 
distribution across the thickness is less uneven and a smaller amount of load is 
transferred through the bond-line, thus relieving the maximum shear stress at the bond 
line tip (Figure 9.4. C). Furthermore, the peeling effect due to the bending moment is 
significantly reduced as through-thickness stresses are mostly converted into tensile 
loads carried by the bolts (Figure 9.4. D). The compound joint obtained by reducing 
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the extension of the bond-line in order to enforce the bolts to deform and transfer a 
significant part of the total loads appears more efficient than a fully bonded classical 
design (Figures 9.4. A and 9.4. B). It eliminates the peeling (Mode I) and reduces the 
sliding (Mode II) contribution thus alleviating the local SERR at the bond-line tip. 
The initiation of cracks is delayed or totally avoided depending on the percentage of 
load being introduced by the bolts. The present Chapter presents a series of 
experimental studies that prove the effectiveness of the principle. It also provides 
some experimental sensitivity studies on the effect of geometrical and mechanical 
parameters on the global behaviour and strength of simple compound joints. 
9.4 Experimental programme 
The aim of the experimental study was to demonstrate that compound joints are not 
subject to damage initiation and propagation, mechanisms that affect classical 
configurations. It must be proven that compound joints do not adversely affect other 
failure modes, such as bolt failure, that could lead to alternative premature final 
failure. 
It is highlighted that test configurations were not designed to be representative of 
flying skin/stringer assemblies. The main aim of the present study was to validate the 
proposed design principle. Therefore, thin configurations were chosen in order to 
exclude other possible failure modes which could be associated with the deployment 
of thicker configurations (e. g. significant free edge effect exacerbating stress 
concentration at bond-line tip). It is also acknowledged that the tested baseline 
configurations could attain better performances due to their intrinsic slenderness 
compared to real skin/stringer configurations. However, it is believed that detrimental 
effects that might be observed in thicker coupons, could potentially affect baseline 
configurations more than compound joints. A parametric numerical and/or 
experimental study is needed to accurately evaluate the effect of thickness, but this is 
beyond the scope of the present study. 
Two different configurations with nearly identical lay-ups, specimen width and length 
were analysed. The only difference is the stacking sequence of the lower adherend 
(skin), as shown in Table 9.1. The orientation of the two plies at the skin/patch 
interface is +45/+45 for configuration 1. Conversely, the interface plies orientation is 
-45/+45 for configuration 2. This variation in stacking sequence leaves the axial and 
bending stiffnesses of the cross section unaltered. Its purpose was to assess whether 
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the mutual orientation of the interface plies can influence the crack initiation load and 
subsequent damage propagation. For configuration 1 (+45/+45), one batch of fully 
bonded baseline (Figure 9.5. B) coupons was compared to three different batches of 
alternative compound joint designs (Figures 9.5. C, 9.5. D and 9.5. E). For 
configuration 2 (+45/-45), one batch of fully bonded baseline coupons (Figure 9.5. F) 
was compared to one batch of an alternative design (Figure 9.5. G). In total, six 
different batches of three coupons per batch were manufactured and tested. 
Each specimen is a two-component assembly, consisting of a skin and a patch (Figure 
9.6. A), in order to represent a skin/stringer composite assembly. A total of six bolts 
(three rows of two fasteners per each row) were installed on each specimen (Figures 
9.6. B and 9.6. C), with the exception of one batch where only two rows of bolt were 
deployed. All the bolts were EN 6114,6.35 min diameter. titanium bolts consisting of 
fastener, nut and ASNA 2531 washers on the head side (Figure 9.6.1)). To preserve 
the local patch thickness, a countersunk washer was used to accommodate the 
countersunk head (Figure 9.6. D). 
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Figure 9.5. Coupon geometry and identification 
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Table 9.1. Materials and stacking sequences 
Configuration Material 
Grade Stacking Sequence 
[g/mm2] Skin Patch 
1 M21 /T700 268 45/90/-45/0 s 45/90/-45/0 s 
2 M21/T700 268 [-45/90/45/0] s [45/90/-45/0] s 
The two baseline joint configurations (+45/+45 & +45/45) were compared to the 
alternative design principle (compound joint) which is schematically shown in Figure 
9.6. C. A PTFE layer (0.1 mm thickness) was inserted between the two adherends of 
the joint before the curing cycle to prevent local bonding. 
All the bolts were installed using a nominal torque of 7.8 Nm, with the exception of 
batch no. 75-2 (refer to Figure 9.5 and Table 9.2 for coupon identification). In order to 
assess the effect of the applied bolt torque on the failure modes and loads, three 
different levels of torque were used for the coupons belonging to hatch 75-2 as 
explained in the following Section. 
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Figure 9.6. Example of test specimens. Plan view (A). Baseline joint (B). 
Compound joint (C). Bolt assembly(D). Dimensions in mm 
For configuration 1 (+45/+45 interface), three batches of compound joint coupons 
were manufactured (three replicates per batch) using three different lengths (I 07mm, 
77mm, 47mmm) of PTFE film to assess sensitivity to bond length. With reference to 
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Figure 9.5, all coupons from batches 107-1 and 77-1 were bolted by means of three 
rows of two fasteners (using same standard bolt and geometrical scheme employed in 
the baseline classical joint). In order to evaluate the sensitivity to number of bolts and 
bolt pitch, only two rows of bolts with reduced longitudinal pitch (26 mm instead of 
28 mm) were employed on the coupons of batch 47-1. 
With regards to configuration 2 (+45/-45 interface), one batch of compound joint 
coupons (three replicates) was manufactured, identified as 75-2. As the batch 
identification suggests, a slightly reduced PTFE film length was used to locate the 
bond-line tip at the datum plane corresponding to the adjacent row of bolts (Figure 
9.5). Indeed, with the exception of batch 75-2, a gap at least equal to the thickness of 
the components (i. e. 2mm) was left between the beginning of the bond-line and the 
adjacent row of bolts in all the other coupons. The presence of this gap was 
established to minimise the effect of stress concentrations around the holes, which 
could perturb the state of stress at the bond-line tip, leading to premature crack 
initiation. The absence of a gap in batch 75-2 simulates the presence of a 
manufacturing defect. 
With reference to the notation introduced in Figure 9.6, the geometrical parameters of 
all coupons are summarised in Table 2. 























Baseline BL-1-1-3 475 300 N/Aa 58 50 3 
1 47-1-1-3 475 300 47 58 50 3 
(+45/+45) Compound 77-1-1-3 475 300 77 58 50 3 
107-1-1-3 475 300 107 58 50 3 
2 Baseline BL-2-1-3 475 300 N/Aa 58 50 3 
(+45/45 Compound , 75-2-1-3 475 300 75 58 50 3 Fully bonded 
To monitor and record crack initiation loads, all specimens were instrumented with 
two back-to-back foil type electrical resistance (120 S2) strain gauges at the crack tip 
(Figure 9.5). Gauges were surface mounted onto the coupons using a cynoacrylate 
adhesive. Furthermore, a white liquid ink was applied along the external boundary of 
the bond-line to aid visibility of any crack initiation and subsequent propagation in 
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conjunction with an Imetrum video extensometry system (Figure 9.7). Figure 9.8 
depicts the test arrangement and fixture. 
All the coupons were ultrasonically C-scanned (Figure 9.9) before being tested to 
check for the presence of inclusions or damage caused by the drilling bits used to 
create cylindrical holes. No inclusions or observable damage were found. 
Figure 9.7. Video gauging and white covering on specimen BL-2-I 
The coupons were tested by means of a ZWICK 1478 electromechanical testing 
machine with a 100 kN load cell (Figure 9.9). A tensile pre-load of I kN was applied 
to all the coupons during a preliminary phase before each test, to facilitate the 
gripping and minimise any slack at the ends of the coupons. All testing was under 
(tensile) displacement control, and loaded at a rate of I mm/min, equivalent to an 
incremental tensile load of approximately 0.25 kN/s. All the tests were stopped 
manually when initial cracking was observed at the bond-line tip. The specimens were 
unloaded to check crack location and extent of growth before re-loading until final 
failure. 





Figure 9.9. Example of ultrasonic C-scan for coupon 47-I-I 
9.5 Experimental results 
Experimental results for configurations I (f45 -45 interface) and 2 (+45 t-15 
interface) are summarised in Tables 9.3 and 9.4, respectively. Notably, the standard 
deviations calculated for both crack initiation and final failure are sufficiently low for 
all batches such that results can be considered statistically meaningful. 
I able 9.3. fest results for cont7 =ura tion 1 +45/+4 5 interface) 
Specimen Initiation Standard Crack Final Standard Failure 
ID load, kN Dev. kN location failure, kN Dev., kN Mode 
Bond-line 
BL-1-1 27.5 50.2 B/NS/C tip 
Bond-line 
BL-1-2 27.8 1.47 51.4 2.91 B/NS/C ti p 
Bond-line 
BL-1-3 32.7 53.1 B/NS/(' tip 
No crack 47-1-1 N/A 43.5 B/NS/C initiation 
Bond-line 
47-1-2 39.8 N/A 43.2 0.25 B/NS/C ti 
No crack 47-1-3 N/A 43.7 B/NS/C initiation 
No crack 77-1-1 N/A 52 B'NS' C initiation 
No crack N 77-1-2 N/A N/A 54.6 2.21 B/NS/C itiatik 
No crack 77-1-3 N/A 50.2 B/NS/(' initiation 
No crack No 107-1-1 N/A 50.5 B/NS/C 
No crack N 107-1-2 N/A N/A 54.5 2.01 B/NS/C itiati k 
_in No crack 107-1-3 N/A 52.6 B/NS/C initiation 
ti= tiolt ricarillg IJ= NCt )eCtion (-('rushing 
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Table 9.4. Test results for contiiuration 2 (+45/-45 interface) 
Final 
Specimen Initiation Standard Crack Standard Failure failure, 
ID load, kN Dev. kN location De%., kN Mode kN 
Bond-line 
BL-2-1 26.9 50.3 B; NS/C 
tip 
Bond-line 
BL-2-2 28.1 1.11 54.5 2.34 B NS/C 
tip 
Bond-line 
BL-2-3 29.1 50.6 B/NS/C 
tip 
No crack 75-2- 1 N/A N/A 44.7 B/NS/C initiation 
No crack 75-2-2 N/A N/A 46.5 N/A B/NS/C initiation 
h No crack 75-2-3 N/A N/A 52 B/NS/C initiation 
tire-tensioneo bolts Loose bolts 
9.5.1 Configuration 1 (+45/+45 interface) 
1. Baseline: hatch BL-1 
Crack initiation was seen in all three coupons for external loads between 27.5 kN and 














Figure 9.10. Measured average strains at bond-line tips for baseline BL-1 
coupons 
As expected, the initial crack was located at the bond-line tip in all coupons. As the 
load increased, the crack located within the bond-line propagated in a stable manner. 
Besides the main disbond, the presence of secondary damage was observed in 
coupons BL-1-2 and BL-1-3. The delamination propagated in a plane parallel to the 
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bond-line crack (Figures 9.11 .A and 
9.11.13 respectively) and appeared to propagate 
faster than the initial crack. 
s 
Parallel damage 
Main dlsbond (bondline) 
1/41MA 
Main disband (bond-line) 
Parallel damage 
Figure 9.11. Parallel damage in coupon BL-1-2 (A) and BL-1-3 (B) 
All the specimens failed catastrophically at load Icv cls between 50.2 kN and 53.1 kN, 
showing significant load transfer capability for loads exceeding the point of crack 
initiation. Post-failure analyses of video extensometry records have shown that both 
the bond-line crack and secondary damage had propagated through the first row of 
bolts. From visual inspections of the failed coupons (Figure 9.12) it can he concluded 
that the final failure is dominated by a net-section failure node localised at the first 
row of bolts on the skin side. The patch side remained predominantly undamaged. 
Figure 9.12. Failed coupon 
However, since the main disbond propagated slightly beyond the first row of bolts 
(closest to the patch tip), these bolts were able to bend and transfer some load. Indeed. 
a very large rotation of the bolts was observed (Figure ). 13). Therefore, local crushing 
(due to the rotation of the bolts) and bolt bearing failure significantly affected the final 
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failure load. The large rotation of the bolts caused a portion of the washer (Figure 
9.14) to push against the composite external surface, thus inducing a localised three- 
dimensional state of stress in addition to the main stresses caused by the external load. 
Figure 9.13. Localized rotation at bolts' section 
The effect of local crushing is noticeable in Figure 9.14. A small portion of the patch 
surface below the nut location is visibly damaged. The damage is aligned in a 
direction which is rotated by 45° with respect to the direction of the external load 
Figure 9.14. Crushing surrounding nut in coupon BL-1-2 
2. Compound joints: batch 47-1 
The coupons of this batch are bolted with a reduced number of bolts. All the 
coupons failed catastrophically at loads between 43.2 kN and 43.7 kN. The failure 
mode and failure location observed are the same as observed for batch BL-I. No 
crack initiation was observed at the bond-line tip in coupons 47-1-1 and 47-1-3. A 
small crack at the bond-line tip was observed in coupon 47-1-2. The initiation was 
preceded by audible emissions between 35.6 kN and 40.1 kN. From the video analysis 
it emerged that the crack was visible at 39.8 kN. After an initial phase in which the 
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crack propagated for a length of one millimetre, the propagation arrested at 40.7 kN 
and the crack did not propagate further until final failure was reached at 43.2 kN. 
A 
t7 
/ n,,., A-h- Unhanded zone (teflonl 
Oý i<J 
Crack front C 
00 (ýOý- 
ice Crack r I-I 
1mm 
Figure 9.15. Schematic of cracking in coupon 47-1-2 
Notably, the crack propagated along a plane which was not parallel to the bond-line 
(Figure 9.15. B). 
However, ultrasonic C-scans conducted on the as-tested coupon have shown that the 
crack was localised in a small area next to the free longitudinal edge and did not affect 
the section across the whole width (Figure 9.15. C), as happened in baseline coupons 
BL-1-1, BL-1-2, and BL-1-3. Therefore, the crack can be considered as an isolated 
local phenomenon, probably due to microscopic defects already present within the 
area that, in conjunction with free edge effect, led to the nucleation of a localized 
macroscopic crack. 
3. Compound joint: batch 77-1 
All coupons failed catastrophically at loads between 50.2 kN and 54.6 kN. No 
evidence of crack initiation was observed at the bond-line tip. The final failure loads, 
which are significantly greater than found for batch 47-1, show that there is notable 
sensitivity to the number of bolts and to the bolt pitch. The failure mode and failure 
location (Figure 9.16) observed are the same as found in batches BL-1 and 47-1, i. e. a 
combination of net section (which is the driving failure mode), bolt bearing and local 
crushing (Figure 9.17) due to large rotations of the bolts in the first row (adjacent to 
the patch tip). 
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Figure 9.16. Final failure mode in coupon 77-1-1 
Figure 9.17. Crushing surrounding nut in coupon 77-1-1 
4. Compound joint: batch 107-1 
As for batch 77-1, no cracks were observed in the coupons until final failure was 
reached. A large amount of barely audible emissions were detected during both tests. 
The highest concentration of emissions was noted within a range of load values 
between 20 kN and 35 kN. In order to determine whether acoustic emission 
corresponded to crack onset, the test on coupon 107-1-1 was arrested at 36 kN, the 
coupon was unloaded and C-scanned. No presence of cracking was detected by the C- 
scan. The number of acoustic emissions was notably reduced during the re-loading 
phase. The coupons failed catastrophically at 50.5 kN (107-1-1) and 54.5 kN (107-1- 
2), showing negligible difference in comparison with batch 77-1. 
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9.5.2 Configuration 2 (+45/-45 interface) 
1. Baseline: batch BL-2 
Crack initiation was evident in all the coupons for values of external load between 
26.9 kN and 29.1 kN. Similar to batch BL-1, initial cracks were located at the bond- 
line tip. As the load increased, the crack located within the bond-line propagated but 
other cracks within the skin were observed for all coupons, located in and propagating 
on a plane parallel to the bond-line crack. The propagation of secondary damage again 
appeared to be at a higher rate than the propagation of the bond-line crack. All the 
specimens failed catastrophically at load levels between 50.3 kN and 54.5 kN, 
showing significant load transfer capability beyond the crack initiation load. The final 
failure was dominated by net-section mode localised at the first row of bolts. 
Comparison with tests on baseline BL-1 shows that there is no apparent macroscopic 
influence of the mutual interfacial orientation on crack initiation and final failure load. 
2. Compound joint: batch 75-1 
Figure 9.13 shows the presence of significant local rotation of the bolts, especially at 
the first row. This could result in local crushing being triggered as the head and/or the 
nut could be pushed onto the laminate, thus introducing significant through-thickness 
compressive stresses. To assess the influence of local crushing on the final failure 
load, three different values of bolt torque were applied to the three coupons of the 
batch. Furthermore, a comparison between this batch and 77-1 reveals that the bond- 
line tip is not beyond the last row of bolts but is located at the section of the axes of 
the last row of bolts, i. e. fartherest from the patch tip (Figure 9.5). The first test (75-2- 
1) was performed with raised pre-tension in the bolts, i. e. 10 Nm torque compared to 
7.8 Nm as the nominal torque. No crack initiation was observed in the bond-line tip 
area and final failure occurred catastrophically at 44.7 kN. The failure location and 
mode were the same as already observed for all the other tested compound joint 
coupons. A second test (75-2-2) was performed with nominal torque (7.8 Nm) applied 
to the bolts as for other tests. Again, no cracks were triggered before the coupon had 
reached final failure. The final failure was in the same location and apparently due to 
the same failure mode but at a slightly larger load of 46.6 kN, showing a small 
improvement compared to the previous test (75-2-1). The final test (75-2-3) was 
carried out with loose bolts. No washers were employed and the bolts acted as pins 
and neither the bolt head nor the nut was in contact with the laminate. In this case the 
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final failure load was significantly increased and the coupon failed catastrophically at 
52 kN. This last batch of testing shows that there is a direct influence of bolt pre- 
tensioning on final failure. As the pre-tension decreases, the effect of local crushing is 
minimised and failure loads increase proportionally. Furthermore, the failure load of 
coupon 75-2-2, which is directly comparable to batch 77-1, shows that introducing an 
artificial disbond which terminates beyond the last row of bolts (i. e. batch 77-1) offers 
significant improvements. Also, it shows that employing a longer PTFE layer and 
increased bolt longitudinal pitch (if compared to batch 47-1) appreciably improves the 
structural performances delaying the onset of final failure. 
9.6 Discussion 
In the classical joint design, apart from the main crack plane (at the skin/patch 
interface), the onset of multiple damage zones was observed. These cracks propagated 
at rates equivalent or higher than those observed for the main disbond, confirming 
experimental results obtained by Hart-Smith [19851 with bolted/bonded joints. 
Despite the large stress and strain redistributions occurring locally as a consequence 
of crack initiation and propagation (refer to strain gauges readings in Figure 9.18), it 
was impossible to observe and measure changes in global stiffness of the coupons 
from the load vs. crosshead displacement curves (Figure 9.19), since crack initiation 
and growth are highly localised phenomena. From the experimentally obtained values 
of load vs. displacement it might be erroneously concluded that no detrimental effects 
are caused by crack initiation and growth. Conversely, following a more thorough 
analysis of the recorded video extensometry, it emerged that multiple damage zones 
were generated in baseline joints. This could lead to substantial detrimental effects on 
ultimate strength capability of the joint, especially if undergoing fatigue loading. 
Multiple damage zones had no significant effect on the static tests presented. 
Nonetheless, their generation could well jeopardize the fatigue life of the component 
as their propagation appeared to be at a higher rate and more critical than the primary 
skin/patch disbond. 
The propagation rate of secondary damage zones appeared faster in the case of 
configuration 2 (+45/-45 interface plies) than in configuration 1 (+45/+45 interface 
plies). Also, the +45/-45 interface does not seem to have an influence on the structural 














Figure 9.19. Example of external load vs. crosshead displacement curves 
From direct comparison between hatch 47-1 and all other reduced bond-line tests, it is 
concluded that adding a third row of fasteners, in conjunction with the use of a 
slightly longer bolt pitch, alleviates the bolt loads and delays catastrophic failure. 
Comparisons between results obtained for hatch 47-1 and the other compound joint 
batches show that configurations with two rows of bolts tailed at loads that are 20°ý, 
smaller than failure loads registered for configurations employing three rows of bolts 
(77-1 and 107-I). Since the failure modes were identical (as are the cross sections of 
the coupons) it can be concluded that the only significant differences arc: 
i. the effect of a reduced bolt pitch in batch 47-1 
ii. the local load transferred by the first row of bolts 
The effect of a reduced bolt pitch (26 nom vcrsus28 nun) could slightly influence the 
local stress concentration that occurs around the holes. However, the 7", ) reduction in 
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1z:; 4567 
Crosshead displacement, min 
bolt pitch is not sufficient to justify a 20% reduction in failure load. The pitch used is 
more than four times the bolt diameter; hence, only larger variations could have such 
a detrimental effect. Thus, the main detrimental effect is due to a different level of 
load transfer from the bolts. Further analytical and numerical (FEM) studies are on- 
going in order to assess the sensitivity to the number of bolts, their pitch and the 
length of the unbonded region, seeking to optimise the design accordingly. 
To summarise, the deployment of compound joints is of major potential benefit for 
the specific case analysed (i. e. stringer run-outs). The design principle is similar to the 
hybrid (bonded/bolted) joints studied by Kelly [2005 and 20061 and Hart-Smith 
[19851. It forces the bolts to actively share load transfer with the bond-line, by 
geometrically creating a locally more compliant load path that promotes bolt bending. 
9.7 Conclusions 
A test campaign was conducted on coupons representative of aerospace CFRP 
skin/stringer composite assemblies. A novel design principle (compound joint) was 
compared to typical baseline configurations simulating the current classical design. 
The main findings of the investigation were: 
1. Compound joints demonstrated a significant improvement compared to the 
classical design. No cracks initiated for loads values that were at least double 
the corresponding values of crack initiation observed in classical joint designs, 
an improvement of >100%. This behaviour was observed in all configurations 
except for compound joints having 47 mm reduction in their bond-line (batch 
47-1). However, all coupons of batch 47-1 did not show crack initiation at 
load levels which were 45% larger than crack initiation loads for the classical 
joint design. 
2. Crack initiation and subsequent growth are not the critical failure mode for 
compound joints. Final failure occurred in compound joints mainly due to net 
section failure mode. Hence, it was impossible to quantify the total level of 
improvement provided by the novel design in terms of crack initiation at the 
bond-line tip. 
3. Both the classical design and the compound joint failed at the same load levels 
and due to the same failure mode, confirming that the novel design principle 
did not trigger unexpected failure modes, preserving the structural strength 
capability to DUL. 
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The present work focussed on static behaviour under tensile loading. Further studies 
should be undertaken to fully characterise the behaviour of compound joints under 
compressive loading and fatigue cycling. 
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10. Conclusions and recommendations 
The aim of the present study was to expand the current understanding of the 
mechanisms that govern the failure of composite panels with stringer run-outs. It was 
highlighted that such structures often experience premature failure. This is mostly due 
to skin/stringer disbond triggered by cracks originating at the stringer run-out tip. The 
strength of such structures and the governing failure modes are determined by a large 
number of geometrical and mechanical parameters, in such a manner that it is difficult 
to extrapolate trends. Indeed, the prominent non-linearity implies that the variation of 
one single parameter could implicitly affect other influential parameters. Therefore, 
optimising with respect to too few failure drivers could trigger different failure sub- 
causes. 
To achieve a thorough understanding of the structural behaviour of such structures, 
four different analytical models have been developed, which correspond to different 
degrees of accuracy. The validation of such models against FEM have emphasised 
that the presence of an incomplete stiffener that is terminated mid-bay along the bay 
length generates significant in-plane load redistributions. Consequently, transverse 
displacements are also affected. The one-dimensional and the approximate two- 
dimensional approach presented in Chapters 4 and 5 respectively are not capable of 
capturing such an effect. The refined approaches illustrated in Chapter 6 can 
reasonably capture in-plane and transverse load redistributions as confirmed by the 
validations against FEM that have been presented in Chapters 6,7 and 8. 
A LEFM based disbond analysis has been implemented and used as a local sub-model 
in conjunction with the aforementioned analytical approaches. The disbond Submodel 
provides realistic results in comparisons with experimental tests. It was confirmed that 
the use of ply drop-off features can offer significant improvement; especially in 
configurations that experience Mode I dominated crack initiations. Conversely, no 
improvements have been observed when employing this design feature in 
configurations undergoing Mode II dominated failures. For some configurations, the 
use of ply drop-offs appears to have introduced some disruption in the case of Mode 
II governed failure and slightly decreased the crack initiation loads. Despite this effect 
being captured by the analytical method, it is not clear what the causes are. The 
LEFM disbond model is based on energetic integral calculations. Therefore, any 
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localised effect is taken into account in an average sense. A stress-based failure 
analysis appears more suitable for conducting further investigations on this effect. 
The multi-scale approach validation has confirmed that the two-dimensional models 
are well correlated to FEM in terms of stress and strain fields. 
Some uncertainty emerged from the comparisons in terms of crack initiation. The 
one-dimensional approach is, as expected, slightly conservative compared to both 
VCCT and CE techniques. However, its use as fast industrial tool for early-stage 
design assessments appears reasonable. The two-dimensional models provide more 
realistic and reliable results. The approximate two-dimensional model yields 
predictions that are closer to the ones obtained by means of CE. Conversely, the 
refined approaches provide results that are very similar, both positioned between 
VCCT and CE crack initiation values. Further studies are recommended to compare 
numerical and analytical analyses to experimental results. 
The importance of calculating the buckling loads in conjunction with crack initiation 
predictions was also highlighted. The models developed in the present thesis are 
sufficiently accurate in the pre-buckling regime. Nonetheless, it was underlined in 
Chapter 6 that: 
1. When the external loading system is sufficiently close to its critical 
magnitude, the equation governing the transverse behaviour cannot be 
straightforwardly inverted as the determinants of both G and H matrices 
tend to zero. The reason is implicit in the mathematical definition of 
buckling. The critical loading condition causes a simultaneous 
diagonalization of both matrices; resulting in an important decrease of 
accuracy and reliability of the models that cannot be avoided. 
2. The approximate non-linear approaches become inadequate when the 
maximum absolute value of the transverse displacement wmg reaches a 
critical threshold value (Section 6.2.6). In this case, a full nonlinear 
approach is required in order to obtain accurate structural responses. 
Numerical instabilities that arise in the proximity of buckling in conjunction with very 
large transverse displacements could severely jeopardize the quality of the proposed 
approaches. As a result, to substantiate the validity of crack initiation predictions, it is 
important to combine such predictions with a parallel buckling analysis. 
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The results of Chapter 8 suggest that: 
1. A linear buckling calculation is not suitable to accurately calculate buckling 
loads of panels with stringer run-outs. Significant in-plane load redistributions 
could occur especially in unsymmetrical configurations. As a result non- 
linearity could be important also in the pre-buckling regime. 
2. In highly eccentric configurations, the transverse displacements can be 
significant, even during the pre-buckling loading phase. Snap-through 
phenomena and sudden bending, on which the bifurcation analyses are based, 
may not take place in stringer run-out panels. Therefore, it is difficult to 
estimate buckling loads by using classical techniques, such as bifurcation 
analyses, if the transition from stable to unstable regimes is smooth. 
The comparisons between FEM and analyses show noteworthy agreement. The 
proposed approaches provide good levels of accuracy, both in terms of buckling 
interaction curves and mode shape calculation. However, it is recognised that the 
methods are, in some cases, slightly non-conservative (if compared to FEM) with 
regards to the calculation of buckling loads in pure compression. Nonetheless, the 
computational effort is negligible if compared to a fully non-linear FEM analysis. 
In preliminary phases of aircraft design, there is an objective need for simple 
analytical solutions that guarantee considerable reduction of computational effort. 
Furthermore, it is well known that in commercial aerospace industry, predictions that 
are slightly optimistic are knocked down by subsequent introduction of statistical and 
environmental knockdown factors. From an industrial perspective, methods which 
yield moderately optimistic predictions are not necessarily unsafe and can be 
deployed, in conjunction with the use of appropriate experimental correction factors, 
for preliminary assessments of structural strength and behaviour. 
Despite being widely accepted that FEM is able to provide realistic predictions, the 
large computational times, in conjunction with the rather significant sensitivity of the 
results to the mesh size, discourage its use as a main tool for preliminary phases of 
aircraft design. In the present study, the size of the employed FEM meshes have been 
chosen partly based on preliminary convergence studies and also based on the 
author's engineering judgement and industrial experience. The employed meshes are 
sufficiently refined to offer reasonably acceptable results within computational times, 
which are suitable for industrial purposes. It is realistic to forecast the use of more 
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refined meshes for some specific industrial purposes, which lead to much larger 
computational effort and time. 
A major advantage related to closed form solutions is that they are readily 
implementable in parametric form for optimization techniques. Hence, the use of 
analytical solutions is strongly encouraged for preliminary design phases, as it could 
minimize superfluous and costly weight saving routines that characterise subsequent 
phases. Due to restricted timescales, aerospace industries are quite often obliged to 
launch different design phases in parallel thus causing overlaps between the end of 
one phase and the beginning of the subsequent. Avoiding undesirable structural 
changes is therefore a key driver from a risk assessment perspective. For this reason, 
the use of much faster solutions is, overall, better performing even if in conjunction 
with a small loss of accuracy. 
For the reasons described above, the present study offers valid alternative (to FEM) 
solutions, which predict the effect of in-plane loads redistribution (due to the presence 
of an incomplete stiffener terminated mid-bay along the bay length) in the pre- 
buckling, crack initiation and buckling regimes. It is recognized that further potential 
exploitations of the present analysis are possible. For example, in co-bonded and co- 
cured composite assemblies, the in-plane load transfer from the skin to the 
skin/stringer section is effected by interlaminar shear stresses arising within the bond- 
line. More refined models that include the transverse shear and through-the-thickness 
normal stresses calculation could be implemented and employed in conjunction with 
the present approach in order to provide fast and accurate calculation of interlaminar 
stresses. 
Finally, a novel design principle (compound joint) has been proposed and tested. 
Results have been compared to typical baseline configurations simulating the current 
classical design. The main outcomes are: 
4. Compound joints demonstrated significant improvement compared to the 
classical design, in terms of crack initiation loads. Furthermore, the absence of 
bonding in the ending region of the joint should ensure the absence of web 
spilling failure mode (Section 2.3.3) 
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5. Crack initiation and subsequent growth are not the critical failure mode for 
compound joints. Final failure occurred in compound joints mainly due to net 
section failure mode. Hence, it was impossible to quantify the total level of 
improvement provided by the novel design in terms of crack initiation at the 
bond-line tip. However, it can be concluded that these kinds of joint do not 
experience crack initiations. 
The work conducted in this thesis focussed on static behaviour only. Further studies 
should be undertaken to fully characterise the behaviour of stringer run-outs and 
compound joints under fatigue cycling. 
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Appendix A 
The following procedure has been adopted to calculate axial and bending stiffness and 
centroid location for the beam section shown in Figure A. 1. For the general 
calculation, we will refer to the figure below that reports a generic multi-walled 
composite beam section, which is symmetric with respect to the z-axis. The axial 
force N and the bending moment M act at the centroid of the beam section. 
l 
1 
Figure A. I. Multi-walled composite beam I section. 
Denoting with the subscript F (flange) all the elements whose thickness in the z- 
direction, and with the subscript W (web) all the elements whose width is in the z- 
direction, the following formulas IKollar and Springer, 19941 have been applied: 
0 Axial stiffness (EA) calculation 
h 
(F.. i) (A. I ) 
Where A' is the laminate axial compliance matrix, calculated for each rectangular 
clement from Equation (3.16). 
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Consider the case reported in Figure A. 1. A composite '! ' beam is used as stiffcncr on 
a composite skin. To homogenize the properties over the skin, we need to assign 
equivalent thickness and an equivalent local lamina stiffness matrix (-)'', to tile 
equivalent layer that represents the stiffener. Therefore, appropriate assessment of five 
different quantities is needed: 
"r ,r: 
Equivalent thickness 
 : Equivalent stiffness in x-direction 
  E; ý`' Equivalent stiffness in y-direction 
  G, ', ý : Equivalent stiffness in y-direction 
  ;4: Equivalent Poisson's ratio 
z bfoot A 
ºy 
Equivalent field B: 
in+foot/web/flange overlap 
Equivalent field A: 
skin/foot overlap 
Figure B. I. Condensation of stringer's properties 
If 
. v- 
is the direction of the main stiffener dimension, and t,,, are calculated by 
deriving the global axial (EA,,,, ) and bending (EI,,,, ) of the T-sectioned beam (web and 
upper flange only if referring to Fig. l. I ), and then imposing the conditions: 




The equivalent elastic modulus in the v-direction, i. e. orthogonal to the direction of 
the main stiffener dimension, can be set equal to zero. In fact, it is easy to demonstrate 
that, apart from the lower flange, the remaining part of the stringer will not contribute 
if in-planei-loads or transverse bending moments (A1, ) are applied. 
E; `' =0 (f3? ) 
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_bi 
The equivalent shear modulus is calculated as [Kollar and Springer, 19941: 
1 n''°"-GI 
= 1B. 3) xY 
Ga7 
.k 




 n flanges : Total number of flanges 
  Gxy k: Shear modulus of the k`h flange 
  Ak : Area of k`h flange 
Note that formula (B. 3) neglects the contribution of the vertical webs. Therefore the 
formula is particularly valid if thin walled beams are used as stiffeners. All the 
contribution should be used if the thicknesses are comparable to the widths. The 
Poisson's ratios are derived from the assumption that the portion of the stiffener that 
lies on top of the skin but not directly in contact with it (web and upper flange if 
referring to Figure B. 1) does not affect the structure's Poisson's ratio when axial loads 
in x-direction are applied. Hence the Poisson's ratio vq equals the Poisson's ratio of 
the lower flange. 
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Appendix C 
Decoupling the in-plane load from the transverse displacements and considering that 
only in-plane loads are acting upon the structure, the laminate constitutive Equations 
(3.27) in partially inverted form reduces to: 
to = A*N (C. 1) 
Developing the compacted form above and enforcing the proper essential and natural 
boundary conditions, one can obtain the internal in-plane resultants as functions of the 
external loads applied. The calculation is now expanded for the case described in 
Figure C. 1. Results for the other cases are also summarized. For any other boundary 

























Figure C. 1. Examples of possible boundary conditions and external in-plane load 
applied 
Equation (C. 1) can be re-written in the explicit form as follows: 
E° = A NX, 0 +A12NY, 0 +A16N ,, 0 
(C. 2) 
ey° = A21 Nx, o + A22 Ny, 0 + A26Nx,, o (C. 3) 
ey= A61 Nx o+ A62 Ny, o + A66 N ,o 
(C. 4) 
To satisfy the equilibrium at edges i and iii (Fig. C. lc) the condition that the external 
in-plane x-resultant equals the internal in-plane x-resultant must hold. If we further 
assume that the in-plane resultants are constant throughout the domain, it follows that: 
NX, o = NX (C. 5) 
Substituting Equation (C. 5) into Equations (C. 3) and (C. 3) and solving with respect to 
Ny, 0 and N yo yields: 
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A2 i A66 A22 - A26 + A26 
(A62 
A21 - A61 A2, 
ý 
N,,, o N (C. 6) A, 2 A66 A22 - A26 
A67 A21 - A6l A22 
N (C. 7) Ný,, o = 
A66 A, 2 - A26 
Equation (C. 2) is used if the global structure compliance with respect to the external 
load resultant N. is sought. Similarly, results for all other configurations sketched in 
Figure C. I were calculated and are reported as follows. 
" Configuration a 
NV, o =N1, N, V, o =Nk,. o =0 (C. 8) 
" Configuration b 
N,,, o = N,,,. o = 0, Nl. o = NI (C. 9) 
" Configuration d 
AI2 ``166A11 - `461 A16 + A16 AoI AI2 - A6 AI I 2 N_ý-. o N,. 
A11 A66 A11 - Aý I A16 
(C. I Oa) 
A1A 2-A 2A, I N,. N,,, () = N,, , 
N. 
r,., () = 
* 
A66 Al 1- A61 A16 
(C. I Ob, c) 
" Configuration e 
N.,. ) = 0, N,.. o = 0, N ,,. O=N,,. (C. 
11) 
" Configuration f 
AI * A22 A11 - A; I AI 2 
)+A1 
2 AI 6 A21 - A; 6 A11 
( 
Nv. o 2*** N<< 
Al 1 A2 Al 1- A21 A2 
(C. 12a) 
A 6A 1-A 6A11 N 
_1,, 
N,.,,, ()= N,,. No- 
* 
* * A22 
``ll 1- 12 21 
(C. 12b, c) 
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Appendix D 
In ORlcr to determine the expansion coefficients . 1 and f3,;, the 
in-plane unit vý idth 
loads Nl., are assumed to be constant within each sub-domain, which may be 
represented as a spring with a concentrated stiffness. The whole domain is 
schematized as a system of springs in series and in parallel (Fig. D. I. ('). 
No 
Nx. 2 Nx. 4 










Figure D. L. Domain schematization 
C) 
k2 *3 k4 
L 
=: kt '' 
The axial flows N, arc calculated throughout the domain under the assumption that 
every straight line parallel to the y-axis remains straight after the deformation. This 
assumption does not represent the real strain field throughout the panel's domain. 
Nonetheless, since only the stress field at the boundary is of interest at this stage, the 
assumption of discrete variation of N, is not restrictive if stringer length is sufficiently 
large. In such a case, the skin-to-stiffener load transfer is already completed far from 
the boundary, and we can assume that the uniform axial (v--wise) strain condition is 
re-established. An example of calculation is hereby provided. For convenience, let us 
consider a geometry, which is formally identical to the skin-patch composite assembly 
studied in Section 6.1.5. Let us assume that a constant axial flow N,., is applied on the 
free edge of the panel (Fig. D. 1. A). The total force acting is therefore: 
226 
Fror =N A 1y (D. 1) 
In order to calculate the axial displacement 8rar at the edge x=1, (Figure D. 2. A) the 
system of springs depicted in Figure D. 1. C, is reduced to the equivalent scheme 
illustrated in Figure D. 2. C. 
A) 









Figure D. 2. System reduction scheme. Initial system (A), partially reduced 
system (B), and final equivalent scheme (C) 
The equivalent spring constant is: 
k_k, 
(k2 + k3 + k4) (D. 2) 
eq k, + k2 + k3 + k4 
The spring constants are calculated as: 
k- 
1'' 1k l2 1 (D. 3a, b) 
Aii,, (i -lr) 
z= Ai12 i 
k3 = 
13 1, 
k4 = l4 
1 
(D. 3c, d) 
A113 'P A, ' i 1,4 
lr 






In order to calculate how the total force distributes into the springs 1,2, and 3, the 
axial displacement 8234 calculated at x =1p must be derived: 
_ý 234 -Slot k 
F, 
(D. 5) 
where F, = Fror . The calculation of force distribution can now be effected as: 
F, = k; SP i=2,3,4 (D. 6) 
The x-wise axial flows are given by: 
NX; =I (D. 7) 
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